2025
VOLUME 7
ISSUE 4

ISSN:2181-0702

SCIENTIFIC BULLETIN

PHYSICAL AND
MATHEMATICAL RESEARCH

ILMIY XABARNOMA

FIZIKA-MATEMATIKA
TADQIQOTLARI




SAXUPNOOWH ANDIJAN STATE
MYXAMMAL BOBYP UNIVERSITY NAMED
HOMWOAT N AHOAMXOH AFTER ZAKHIRIDDIN
OABJIAT YHUBEPCUTETW MUKHAMMAD BABUR

UIMUN XABAPHOMA

dunsmka-matemMaTmka
TagKUKoOTNapu

SCIENTIFIC BULLETIN

Physical and
Mathematical Research

2025/N24(7)

AHOMXXOH
2025nnn



Myaccuc

3axmpuaguH Myxammapg bobyp
HOMUuparn AHOWMXXOH gasnart
YHUBEpPCUTETH

WIMUNA XABAPHOMA.
OU3UKA-MATEMATUKA
TAOKUKOT/IAPU

XypHan 6up nmnga 4 mapTta yon sTunagu.

AHIWMKOH BUIOSITU ax60pOT Ba OMMaBUM
KOMMYyHUKauusanap 6olkapmacu
ToMoHugaH 2019-nmn 26 gekabpaa
0452 pakam 6unaH pyrxaTra OfIMHraH.

Hawp nupgekcn: 344

Hawup y4yH macbyn:
H.N. IOHycanunes

Bocuwra pyxcat atungu: 27.12.2019.
Koro3 6uunmu: 60x81 1/8 bocma TaboFu:
13,5
Odcet 60cma. OdceT KoFo3Mu.
Apaau: 110 poHa.

Baxocu kenuwmnnran Hapxaa.
BytopTba N2: 165.

“Myxappup” HawpWETM MaTbaa 6ynumunga
4yon aTunaw.

TowkeHT waxpwu, Cyrannm ota Kyyacu 7-yun

TaxpupuaT MaH3UNU:
170100, AHAVKOH Wwaxpun, YHuBepcuTeT
Ky4dacw, 129. TenedoH: +998911602043.
®dakc: (374) 223-88-30
E-mail: adu_xabarnoma@mail.ru
Pacmuia canT: https://asujournal.uz/

NMPEACEOATEJSIb PEOKOJUIET NN
3aiHOOMAMHOB CUpPOXUAOAUH —
AOKTOpP  (PM3MKO-MaTeMaTUYECKUX
Hayk (DSc), npodeccop, akageMunk
Akagemum HayK Pecny6nunku
Y36eKncTaH.

3AMECTUTENIb NMPEOCEDATENA
PEAKOJINErNA

AkbapanueB baxtnép bakupoBuu
— IOKTOp TexHuyeckux Hayk (DSc),
npodeccop, pekTop AHAMXKAHCKOrOo

roCyfapCTBEHHOIO  yHMBepcuTeTa
nmeHu 3. M. bobypa.

PU3NKA

YTamypapoBa LWapuda

bekMmypagoBHa — poktop ¢u3nko-
MaTeMaTuyeckmx  Hayk  (DSc),
npodeccop, pupekTop HayuyHo-
nccnepoBaTenbCcKoro  MHCTUTYTa
dnsunkn NnosynpoBOAHUKOB U
MUKPO3NEKTPOHMKM npw
HaunoHanbHoM YHMBEpCUTETE
Y36ekncraHa NMEHMU Mwupso
Ynyréeka.

MamaTkapuMoB OAnMKOoH
OxyHpenaeBuy — foktop ¢dumsuko-
mMaTtematuyeckux  Hayk  (DSc),
npodeccop, pekTop
HamaHraHckoro UHXXEHEpHO-
TEXHONOrMYeCKOro MHCTUTYTA.
OnumoB XycHuaauH KocumoBu4 —
AOKTOpP  (PM3MKO-MaTeMaTUYECKUX
Hayk (DSc), npodeccop, AnpekTop
DU3NKO-TEXHMYECKOTO  MHCTUTYTA
HMO «®usuka-ConHue» AkagemMuu
Hayk Pecny6numkn Y36eKucTaH.
KapumoB W6poxum HabueBuy -
AOKTOpP  (PM3MKO-MaTeEMATUYECKUX
Hayk (DSc), npodeccop, npodeccop
Kadeppbl ¢GU3MKKM AHOMXKAHCKOrO

rocyfapCTBEHHOrO  YHMBepcuTeTa
nmenu 3. M. bobypa.

TypryHoB Ho3nM»XoH
A6ayMaHHONOBUY - JOKTOp
bn3nKo-MaTeMaTUYECKUX HayK
(DSc), npodeccop, 3amecTuTesb
AVpeKTopa Hay4Ho-
nccnepoBaTeNbCKOro  MHCTUTYTA
GU3UKM  NONYNpPOBOAHWKOB W



MUKPOSJIEKTPOHUKHN npu
HaumoHanbHoOM YHUBEpCUTETE
Y36ekncraHa NMeHU Mwupso
Ynyréeka.

Ucmainos KanaTt6an
A6pperMoBUY — [OKTOP (U3BUKO-
MaTeMaTM4yeckmnx Hayk, npodeccop

Kapakannakckoro

rocypapCTBEHHOr0 YHUBEpCUTETA.
KapaxaHoB Cmaryn - poKTop
dhn3nKo-maTeMaTMyeCKnX HayK
(DSc), cTapLumi Hay4HbIN
COTPYOHWK  OTgena  COJIHEYHOW
9HEepreTuKu NHcTuTyTa
SHepreTUyecKux TEXHONOrunn,
Kbennep, Hopserus.

PemM6e3a EkaTepuHa

CtaHucnaBoBHa — JOKTOp (U3UKO-
mMaTtemMaTuuyeckmx  Hayk  (DSc),
npodeccop BopoHexckoro
rocyfapCTBEHHOIO YHUBEPCUTETA.

Baintkyc l0o3ac l0030BMY — fOKTOpP
hn3nMKo-MaTeMaTUyeCKnx Hayk

(DSc), npodeccop, akagemuk
Akagemunn HayK JInTBbl.
A6pyxabbopoB  AXMagKOH  —

AOKTOp  (M3nKO-MaTeMaTUYECKUX
Hayk (DSc), npodeccop, rnaBHblii
Hay4YHbIn CcOTpyAHUK WHcTUTyTa
acTpoHOMUHU AkagemMunu HayK
Pecny6nuku Ysb6ekucraH.

Bo6oes AkpamxoH Mynaaw6oesny
— pOKTOp HU3NKO-MaTeEMaTUUYECKNX
Hayk (DSc), pekaH  Quanko-
TeXHU4YecKoro dbakynbTeTa
AHOMXAHCKOro rocyaapcTBEHHOro
yHuBepcuteTa uMmeHn 3. M. bobypa.
Kyp6aHoB A3u3)XOH O6MTXXOHOBUY
- KaHanpat bunsmnko-
MaTeMaTUYeCKUX HayK, [AOLUEeHT
AHOMXAHCKOro rocyfapCTBeHHOro
yHuBepcuTeTa menun 3. M. bobypa.
MagamuHoB XypLUUAKOH
MyxamefoBuy — KaHamMAaT GU3nko-
MaTeMaTMyeCcKnx HayK, [JOUeHT
AHONXAHCKOro rocyAapCTBEHHOro
yHuBepcuteTa umenu 3. M. bobypa.

TEXHUKA
MamapganumoB Aé6pyradyp
TuwabaeBuy - pAokTop UBUKO-

MaTemaTuyeckux  Hayk  (DSc),
npodeccop, akageMuk AkagemMuu

Hayk Pecny6nukn Y36eKucTaH.

CoaukoB WUnxom WUcmaunosuy -
AOKTOPp  (M3MKO-MaTeMaTUYECKUX
Hayk (DSc), npodeccop, anpekTop

NHcTntyTa AfepHoun dunsnkm
Akagemun HayK Pecny6nunku
Y36ekuncTaH.

AwypoB XoTaM baxpoHoBUY -
LIOKTOP TexHu4yeckux Hayk (DSc),
npodeccop, pupekTop WHCTUTYTa
NOHHO-NMAa3MEHHbIX W la3epHblX
TexHonornn mmexHn Y. A. ApucdoBa
Akapgemunu HayK Pecny6nunku
Y36ekuncTaH.

DanveB Xo)xakbap CyntaHOBUY —
AOKTOpP  PM3MKO-MaTeEMATUYECKUX
Hayk (DSc), npodeccop, anpekTop
TalKeHTCKOro dunnana
HayunoHanbHoro
nccnepoBaTenbCcKoro
yHuBepcuteta «M3N».

AnveB PauMXoH YCMOHOBUY -
JIOKTOP TexHu4yeckux Hayk (DSc),
npoceccop AHIMXKAHCKOro
rocyflapCTBEHHOrO0  YHMBEpPCUTETA
nmeHun 3. M. bobypa.

IOnpaweB Hocup)xoH XaiaapoBu4
— [OKTOp TexHuyeckux Hayk (DSc),

npodeccop depraHckoro
NONINTEXHUYECKOIO UHCTUTYTA.

KacumaxyHoBa AHopa
MamMacoaukoBHa - [OKTOp
TEXHUYECKUX HayK (DSc),
npodeccop depraHckoro

rocyfapCTBEHHOro YHUBepCUTETA.
TaraeB Mapart baiMypaTtoBu4y -
L[OKTOP TexHuuyeckux Hayk (DSc),
npodeccop Kapakannakckoro
rocyfapCTBEHHOro  yHMBepcuTeTa
nmeHun beppaxa.

MaHcypoB XaTaM)OH XXypaeBu4 —
KaHaugar dunaunko-
MaTeMaTUyeCKux HayK, [OLEHT,
AekaH @usunyeckoro dakynbTeTa
AHANXKAHCKOro rocyaapCcTBEHHOro
yHuBepcuTeTa umeHun 3. M. bobypa.

MATEMATUKA
Apsukynos dapxomKoH
HebmaToBUY — pokTop (U3MKO-

MaTeMaTM4yecKkunx Hayk, npodeccop
AHOMXaHCKOro rocyfapcTBeHHOro
yHuBepcuTeTa umeHun 3. M. bobypa.



KainropogoB WBaH - pokTop
hn3nKo-maTeMaTMyeCKnx HayK,
npogeccop YHuBepcuteta benpa
NHTepunop, KoBunbsH, MNMopTyranus.
Xabier  Garcia Martinez -
npodeccop kadeapbl MaTemMaTUKK

YHusepcuteta Buro, Buro, Ucnanus.

KapumxxaHoB NKO60MKOH
AépynasusoBud — PhD no ¢usuko-
MaTeMaTUYeCKUM HayKaM, AOLEHT,
NpopeKTop AHOMXKAHCKOrO
rocyfapCTBEHHOIO YHUBEpPCUTETA.
N6anpynnaeB TynaH6oi
TypcyH60eBUY — KaHaAnAAT GU3NKO
-MaTeMaTUYeCKUX HayK, [OLEHT,
JleKaH MaTeMaTU4yecKoro
bakynbTeTa AHOMXKAHCKOrO
rocyfapCTBEHHOrO  yHMBepcuTeTa
nmenu 3. M. bobypa.

YMp3akoB Hoanpbek
MyxammapgoBuy - KaHaunpat
b13MKo-MaTeMATUYECKMX HayK,
AOLUEHT, 3aBepyrowmn Kadeapon
anreépbl AHAMXKAHCKOIO
rocyfapCTBEHHOrO  yHMBepcUTeTa
nmenn 3. M. bobypa.

NHOOPMATUKA

PacynoB Ak6apanun MaxamaTtoBu4
— [OKTOp HU3NKO-MaTeMaTUyeCKnX
Hayk (DSc), ®epraHckuit dununan

TallkeHTCKOro yHMBepcuTeTa
NHbOPMaLMOHHbIX TeXHO0rnm
nMeHn MyxamMmaga an-Xopasmu.
MaxkamosB MapaMuHXOH
KoMunoBuy - kaHgmpaTt (usuKo-
MaTemMaTUyeCKMX HayK, [OLEHT,
npopeKTop AHOMXaHCKOro
rocyfapCTBEHHOro  yHMBepcuTeTa
nmenun 3. M. bobypa.
XyponbepraHoB Mwupsoanu
Ypasanuesny — [OKTOp (U3UKO-
MaTeMaTuyeckmx  Hayk  (DSc),

npodeccop, 3aBefyroL i
Kadeppon HaumoHanbHoro
yHMBepcuTeTa Y36eKucTaHa MMEeHU
Mwup3o Ynyroeka.

A6aypaxmaHoB YXamonuguH
KomonguHoBuy - KaHgunaaTt
hU3nKo-MaTeMaTUYECKUX HayK,
JIOLEHT AHOWXKaHCKOro

rocylapCTBEHHOMO YHUBEPCUTETA.

PEOAKTOP

IOHycanueB HyputauH OHycanu
yrnm -  PhD  no  ¢usuko-
MaTeMaTUYECKUM HayKam,
AHOMXAHCKUN  rOCyAapCTBEHHbIN

YHUBEPCUTET.



duszuka

I.N. Karimov, M. Foziljonov

Oksid gatlamidagi lokal zaryad joylashgan soha kengligi va kanal bo‘ylab | 7
vaziyati o‘zgarishining FinFet o°tish xarakteristikasi qiyaligiga ta’siri
X.M. ManamunoB, A.A. AoaypaxmonoB, A.lll. Hxpomosn, I'.C.
XO0JMUTUTOBA 13
[MpumecHsIit TerutodoToBonbrandeckuil dpdext pSi-nSiSny (0<x<0.04)
CTPYKTypax
M.G¢. Dadamirzayev
Tor zonali kvant o‘raning o‘tkazuvchan zona tubidagi erkin elektronlar | 18
energiyasiga magnit maydon ta’siri
S.Z. Zainabidinov, N.A. Turgunov, A.Y. Boboev, Sh.K. Akbarov, N.B.
Khaitimmetov 29
Temir va nikel bilan legirlangan qilingan kremniy namunalarida
bo‘laklarining hosil bo‘lishi
U.M. Negmatov
Yarimo‘tkazgichli materialning birinchi Landau sathini vaqt bo‘yicha| 26
0°zgarish dinamikasi
B.M. Ergashev
Issiglik ishlovi rejimlariga bog‘liq holda p-tip kremniy monokristallarida | 30
kislorodli komplekslar, klasterlar va mikrokuchlanishlarning XRD tahlili
A.M. Kasimaxunova, M.A. Norbo‘tayev, S.I. Norbo‘tayeva
Termojuft shoxchalarda tok zichligi o‘zgarishining issiqlik jarayonlariga | 35
ta’sirini tadqiq etish
U.l. Erkaboev, U. M. Negmatov
O‘zgaruvchan kuchsiz magnit maydondagi kvant o‘rali yarimo‘tkazgichlarda | 41
birinchi landau sathining vaqt bo‘yicha o‘zgarishi
M.A. Norbo‘tayev
Yarimo‘tkazgichli materiallardan tayyorlangan hajmiy termoelementlarni | 44
tayyorlash imkoniyatlarini tadgiq gilish

MareMaTuKa
. M. Mesuxky3ueBa
OO0 onmHOM MeToJe pelleHHs] KpaeBbIX 3ajad AJis YPaBHEHUSI YETBEPTOIO 49
IopsiiKa, COAEp Kallee TPETbI0  MPOU3BOAHYIO II0 BPEMEHU B
MOJTYOIPAHUYEHHBIX 001aCTIX
M. Azizov, K. Rasulova 58
O°ng tomoni noma’lum tor tebranish tenglama uchun teskari masala
X. Ismoilov, M. Namozova, S. Axmadjonova
Pnevmotransporti ventilyatori parrakli diski massasini engillatish, ventilyator | 68

ish samaradorligiga ta’siri




O.Kh. Abdullayev, O.S. Akhmedov, A.Kh. Abdullayev

Estimation of the accuracy of a third-order taylor formula-based approximate | 74
method for the cauchy problem in dynamical systems

A. Abdulvokhidov, O. Samsaqov, R. Ma’rufjonov, M. Zokirjonov

Dividing ten participants on social networks into a community using | 80
maximum likelihood

X. UcmomiioB, M. JprameBa

O HCIIOABHUIKHBIX  TOYKaAX  OIICPATOPOB  BOJIBTCPPOBCKOIO TUIla C 84
NEePUOANYECKUMH KOdhPUIIMeHTaMu

D.T. Mamatbayeva, T.A. Ominaxon, M.A. Muhammadjonova

Uchburchak geometriyasida massalar metodi 88
J.C. OnmumoBa

O CANHCTBCHHOCTH PCIICHHUA 3ada4i JUPUXIIC TJIA TPCXMCPHOI'O YPaBHCHUA
CMCIIAHHOI'O THIIa C ABYMA CHHI'YJIIPHBIMU KOB(l)(bI/IHI/IGHTaMI/I H C IBYMA 94
IINIOCKOCTAMU U3MCHCHUSA THUIIA

IIpasuna oghopmnenus

cmamol... ... ... 101

OI'JIABJIEHUE




PHYSICS 7

OKSID QATLAMIDAGI LOKAL ZARYAD JOYLASHGAN SOHA
KENGLIGI VA KANAL BO‘YLAB VAZIYATI O’ZGARISHINING
FINFET O‘TISH XARAKTERISTIKASI QIYALIGIGA TA’SIRI

I. Karimov?, M Foziljonov?
1Z. M. Bobur nomidagi Andijon davlat universiteti, O‘zbekiston, 170100, Andijan sh, Universitet ko‘chasi 129 uy

2025-yil 30-oktaybrda gabul gilingan; 2025-yil 27-noyabrda nashrga gabul gilingan

Annotatsiya. Ko'rilayotgan magqolada izolyator ustida kremniy texnologiyasi asosidagi vertikal
izolyatsiyalangan zatvorli maydoniy tranzistor oksid qatlamida gamralgan lokal zaryad kengligi va kanal
bo’ylab vaziyatining tranzistorlarda kuzatilishi mumkun bo’lgan gisqa kanalli effektlardan biri bo’'lgan SS
(Subthreshold Swing) effektiga ta’siri ko’riigan. Nanometer o’lchamlarda ftranzistorning geometrik
o’lchamlarining fluktuatsiyasi qisqa kanalli effektlarga ta’sir qilishi mumkun. Asosan ko’p zatvorli
tranzistorlar gisga kanal effektlarni kamayishini taminlash maqgsadida yaratilgan shu jumladan izolyator
ustida kremniy texnologiyasi asosidagi vertikal izolyatsiyalangan zatvorli maydoniy tranzistorlar ham, ammo
o’lchamlari judayam kichiklashganda bu effektlarning paydo bo’lish extimolligi ortadi. Nanoo’lchamdagi
bunday strukturalarni tayyorlash jarayoni geometric parametrlarining kutilgan parametrlardan chetlashishini
yuzaga keltiradi. Bu o’zgarishlar esa DIBL va SS kabi effektlarga xam ta’sir giladi. Ushbu ishda izolyator
ustida kremniy texnologiyasi asosidagi vertikal izolyatsiyalangan zatvorli maydoniy tranzistor oksid
gatlamida gamralgan lokal zaryad kengligi va kanal bo’ylab vaziyatining SS ga ta’siri modellashtiriigan. 3D
modellashtirish Advanced TCAD Sentaurus dasturida amalga oshirilgan.

Kalit so‘zlar: Advanced TCAD Sentaurus, DIBL, SS effekti, maydoniy tranzistor, lokal zaryad, ko’p
zatvorli tranzistorlar, gisga kanalli effektlar...

AHHOTasn. B paHHoOM pabote npoBenéH aHanM3 BMAMSHUSA LUMPWUHBI M NPOCTPAHCTBEHHOrO
pacnpefeneHvs nokanbHOro 3apsiaa, 3axBayeHHOro B OKCUMOHOM CMoe BEepTUKaNbHOro MoneBoro
TpaH3ucTOpa C W30NMPOBaHHbIM 3aTBOPOM, PEariM30BaHHOIO MO TEXHOMOMMU KPEMHUN-Ha-usonsatope
(SOI), Ha BenuunHy SS (Subthreshold Swing), oTHocsLLYyOCA K OAHOMY M3 OCHOBHbIX KOPOTKOKaHANbHbIX
ahdekToB, NPOSBNALINXCA B COBPEMEHHbBIX TPAH3UCTOPHLIX CTPYKTypax. B HaHomeTpoBom maclitabe
NyKTyaumMm reoMeTpuyeckux pasmMepoB TPaH3UCTOPHbLIX CTPYKTYP OKa3blBalOT 3aMETHOE BMMSHWE Ha
NposiBNEHNE KOPOTKOKaHamnbHbIX 3(dekToB. MHOro3aTBopHble TpaH3ucTopbl 6Obinn  pa3paboTaHbl
NPEMMYLLECTBEHHO C LEMb NOAABIEHNS] KOPOTKOKaHanbHbIX 3(hdEKTOB, BKMOYaA BepTUKamnbHbIE
noneBble TPaH3UCTOPbI C M30MNMPOBaHHBLIM 3aTBOPOM, peanu3oBaHHbIE Ha OCHOBE TEXHOSOMUW KPEMHMIA-
Ha-uzonsatope (SOI). OpHako npu 3KCTpemanbHOM MaclwTabupoBaHWM YCTPOWCTB BEPOSITHOCTb
BO3HUKHOBEHUS  yKa3aHHbIX 3d@deKToB cylecTBeHHO Bo3pactaeT. [lpoueccbl opMupoBaHus
HaHOMacLWTabHbIX CTPYKTYP HEU3BEXHO NpMBOOAT K OTKITOHEHMIO UX FeOMETPUYECKUX napameTpoB OT
HOMMHarbHBIX (MPOEKTHbIX) 3HAaYEHMWI, YTO JOMONTHUTENBLHO YCUIMBAET BIIUSIHAE pa3MepHbIX BapuaLlmin Ha
3NEKTPUYECKME XapaKTEPUCTUKN TPaAH3UCTOPOB. YKasaHHble BapuauMu TakkKe OKa3blBalOT BMUSHME Ha
Takne acpdekTnl, kak DIBL (Drain-Induced Barrier Lowering) u SS (Subthreshold Swing). B HacToswen
paboTe MEeTOOOM YMCIIEHHOrO MOAENMPOBAHMSA UCCNEeAOoBaHO BMUSIHWME LUMPWHBI JOKaNbHOro 3apsaa,
3axBa4YeHHOr0 B OKCMOHOM CIloe, a TaKkKe ero NpoCTPaHCTBEHHOrO pacrnpeferneHvns BOONb KaHana
BEPTMKaNbHOrO MONIEBOr0 TPaH3UCTOpa C U30NMPOBaHHbLIM 3aTBOPOM, peann3oBaHHOIO MO TEXHOMOrun
KpemHun-Ha-nzonatope (SOI), Ha napametp SS. TpéxmepHoe MOAENUPOBaHME BbIMONIHEHO C
ncnonb3oBaHMeM nporpammHoro komnnekca Advanced TCAD Sentaurus.

KnioueBble cnoBa: Advanced TCAD Sentaurus; DIBL; adhdpekt SS (Subthreshold Swing); noneson
TPaH3MCTOP; NOKaNbHbIA 3apsif; MHOTO3aTBOPHbIE TPaH3UCTOPbI; KOPOTKOKaHarbHble 3hdeKTbI.

Abstract. This work investigates the impact of the width and spatial distribution of locally trapped
charge in the oxide layer of a vertical gate-isolated field-effect transistor fabricated using silicon-on-insulator
(SOI) technology on the subthreshold swing (SS), one of the key short-channel effects in nanoscale
devices. At nanometer dimensions, geometric fluctuations significantly influence short-channel behavior,
even in multigate transistor architectures designed to suppress these effects. Using three-dimensional
numerical simulations performed with the Advanced TCAD Sentaurus tool, the influence of oxide-trapped
charge characteristics along the channel on the SS parameter is systematically analyzed.

Keywords: Advanced TCAD Sentaurus; DIBL; Subthreshold Swing (SS); field-effect transistor; local
trapped charge; multigate transistors; short-channel effects.

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 4. 2025
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l. KIRISH.

Vertikal maydon tranzistorlar
o’lchamlari nanometer masshtabga yetganida
uning  xarakteristikalarida  degradatsiyon
effektlar kuzatiladi. Bu effektlarni bartaraf
gilish uchun esa avval ularni keltirib chigargan
sabablar, ularning ta’sir mexanizmlari
o’rganilishi talab qilinadi. FinFET
tranzistorlarida nanoo’lchamlarda uchraydigon
asosiy degradatsion effektlarga tranzistor
geometrik o’lchamlarining fluktuatsion
o’zgarishlari, qisqa kanalli effektlar, zatvor osti
oksid gatlamida nugsonlarning gamralishini
Kiritishimiz mumkun. Texnologik tomondan
bunday o’lchamdagi tranzistorlarni olish
gimmat va murakkab ish bo’lganligi uchun
dunyoning ko’plab laboratoriyalarida
nanoo’lchamdagi maydon tranzistorlarda xosil
bo’ladigon effektlar dastlab modellashtirilib
o’rganiladi. Bu ishda ham yuqorida aytib
o’tilgan effektlarni modellashtirib o’rganilgan.
Modellashtirish Advanced TCAD Sentaurus
dasturida amalga oshirilgan. Nanoo’lchamdagi
maydon tranzistorlarida uchraydigon juda
muxum effektlardan biri bo’sag’adan pastdagi
soxada qiyalik (SS) ning ortishini ko’rsatish
mumkun. Odatda bunday gisga kanal effektini
baxolash uchun bo’sag’adan past soxadagi
o’tish volt-amper xarakteristikasining tikligiga
teskari bo’lgan kattalikka aytiladi va u SS
(Subthreshold swing ) deb nomlanadi.

Narmal ishlaydigon uzun kanalli (1mkm
va undan uzun) tranzistorlarda odatda istok va
stok orasida potensiallar fargi xosil gilinganda
istokdan stokka oqib o’tadigon tok asosan
zatvorga berilgan kuchlanish orqali
boshqariladi.  Kanal uzunligi  nanometr
masshtablargacha kamaytirilsa zatvor osti oksid
qatlamida qamralgan zaryadlar ta’siri sezila
boshlaydi. Qamralgan zaryadlar istok-stok yon
o’tish VAXiga ta’sir qgiladi bu esa SS ning
o’zgarishiga olib keladi. Odatda zatvor osti
oksid gatlami SiO ishlatiladi lekin SiO2 o’rniga
gafnium HfO. ishlatilishi tranzistorning SS
effektini yaxshilashi mumkun [1]. Tranzistor
xarakteristikalarini yaxshilash uchu, zatvor osti
oksid qatlamini o’zgartirishdan tashqari,
zatvorlar sonini xam oshirish mumkun. Biz
modellashtirilgan  tranzistor uch zatvorli
tranzistorlar deb ataladi [2]. Bundan tashqari
kanal materialining turi, masalan kremniyli va
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germaniyli  tranzistorlarning qisga kanal
effektlariga tasiri o’rganilgan. Germaniyli

kanalga ega bo’lgan tranzistorlar nisbatan
kichikrog SS ni namoyon gilgan [3].

IUK asosidagi FInFET tranzistorlarning
kanal kengligini (Wsj) 6 nm dan 15 nm ga
ortishi SS ning 42% ga o’zgarishiga, zatvor
uzunligining Lgae 12 nm dan 21 nm ga
o’zgarishi SSning 14% ga o’zgarishiga olib
keladi [4]. Kanal soxasining legirlanish
darajasini 1-10%® sm™ dan 1-10* sm™ gacha
o’zgartirish orqali bo’sag’a kuchlanishini 30 %
ga o’zgartirish mumkun bu esa 0’z navbatida
nisbatan kichikrog SS qiymatlarini olishni
ta’minlaydi [5]. Shu sababli ko’rilayotgan ishda
maydon tranzistorining zatvor osti oksid
qatlamida yig’ilgan zaryadning stokdan istok
tomon kengayib borishi (d) va stokdan istok
tomon zaryadlangan soxaning vaziyatini
0;zgarib borishi (L) ni SS ga ta’siri o’rganilgan.

Il. MATERIAL VA USULLAR

Modellashtirilayotgan tranzistorning
zatvor ostidagi oksid gatlamidagi nugsonda
to'plangan lokal zaryadning stokdan istok
tomon kengayib borishi d va stokdan istok
tomon zaryadlangan soxaning vaziyatini
o;zgarib borishi (L) ni SS ga ta’sirini
o rganishda lokal zaryad kengligi d=5 nm, 10
nm, 15 nm, 20 nm, 25 nmga teng qilib olingan.
Stokdan istok tomon zaryadlangan soxaning
vaziyatini 0’zgarib borishi L ning qiymatlari esa
mos ravishda 2,6 nm, 7,4 nm, 12,4 nm,17,4 nm
va 22,4 nmga teng deb olingan. Biz
modellashtirgan tranzistorda sirtiy nugsonlar
zichligi 10'2 cm™ gilib olingan va uni xajm
miqgdorida xisoblaydigon bo’lsak,
modellashtirishdagi tranzistorimizning oksid
gatlami galinligi tox= 2,5 nm ekanligidan kelib
chiqib xajmiy zaryad zichligi 4-10'® C/sm? ga
teng deb olingan.

1-rasmda modellashtirilgan, izolyator-
ustida-kremniy (IUK) texnologiyasi asosidagi
FINFET 3D strukturasi, 2-rasmda esa tajriba
natijalari va modellashtirishda olingan natijalari
taggoslangan va model kalibrofka gilingan
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1-rasm. Vertikal maydoniy tranzistorning geometrik
tuzilishi.
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2-rasm.  Modellashtirilayotgan  vertikal — maydon
tranzistorning o’tish volt-amper xarakteristikasi. Lgate =
25 nm va Vgate=750 mV. Bo'lgan holat uchun (1)
modellashtirishda, (2) tajribada olingan natija.

tok
uchun
high-field

Kalibrovkalash
tashuvchilarning harakatchanligi
termodinamik,  drift-diffusion,
saturation  transport ~ modellari  hamda
modellashtirilayotgan tranzistor nanometer
masshtabda bo’lganligi uchun kvant effektlarni
e’tiborga olib Quantum Potential korrektrovka
qo’llanildi. 3-rasmda FIinFET strukturasi kanal
bo‘ylab kesimi ko’rinishi zaryadlangan soxa
kengligi d va istokgacha vaziyati L ko‘rsatilgan.
Tranzistor zatvor uzunligi Lgate 25 nm va zatvor
osti oksid gatlami qalinligi 2.5 nm ni tashkil
giladi. Kanal galinligi Tsi va orga oksid gatlami
galinligi Thox mos ravishda 30 va 100 nm ga
teng. Kanal kengligi 12 nm. p-Si taglik (baza)
legirlanish darajasi 1-10% cm,

jarayonida

9
Lokal
zaryad
zarvad kengligi

Kanal osti oksid
qatlami

3-rasm. lzolyator-ustida-kremniy texnologiyasi
asosidagi FinFET 3D strukturasi kanal bo‘ylab kesimi
ko’rinishi.

1. NATIJALAR

Oksid qatlamidagi lokal zaryadning
istok tomon kengayib borishida olingan
FinFET yon o’tish volt-amper xarakteristikasi
va zaryadlangan lokal sohaning istok-kanal
chegarasigacha bo‘lgan vaziyatini o‘tish volt-
amper Xxarakteristikasiga ta’siri modellashtish
natijalari mos ravishda 4 va 5-rasmlarda
keltirilgan. Qamralgan zaryadlarning kengligi
va istok tomon siljib borish vaziyati istok-stok
yon o’tish VAXiga ta’sir qiladi bu esa bizga SS
ning giymatlarini va uning oksid gatlamida
gamralgan  zaryad ta’sirida  o’zgarishini
aniglashimizga imkon beradi. SS Kattalik
bo’sag’a kuchlanishidan past soxaning tikligiga
teskari kattalik bo’lib, quyidagi formula orqali
xisoblanadi.

_ AV _ Vin — (Ven — 0,2) _
Algly lglin — lglyfy

SS

0,2 MB
= lg<11t—h> [ae}caaa] (1)
of f
Bu yerda AV -bo’sag’a kuchlanish Vi, tranzistor
yopiq xolatiga to’g’ri keladigon zatvor
kuchlanishi orasidagi farq. Bu maqolada
tranzistor yopiq xolatiga mos zatvor kuchlanishi
deb bo’sag’a kuchlanishidan 200 mV kichikroq
kuchlanish olingan. Algl; esa bo’sag’a
kuchlanishiga to’g’ri keladigon bo’sag’a toki
o’nlik logarifmi lgl,; tranzistor yopiq xolatdagi
tok lagarifmi lgl, s orasidagi farqg.
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4-rasm. Zaryadlangan lokal sohaning istok-kanal

chegarasigacha bo‘lgan vaziyatini o‘tish VAX siga
ta’siri.
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5-rasm. Zaryadning kengligi d ning o’tish VAX ta’siri.

O’tish  volt-amper  xarakteristika-
larining turli soxalarida, masalan bo’sag’a
kuchlanishining yuqori soxasida, bo’sag’a
kuchlanish atrofida, yoki butun VAX soxasi

bo’ylab SS ni  xisoblash  mumkun.
Nanoo’lchamli [UK texnologiyasi asosidagi
vertikal o’tishsiz  uch zatvorli MOYa

tranzistorlari uchun bo’sag’a toki tranzistorning
geometrik o’lchamlaridan kelib chiqadi va
quyidagi formula orgali aniglanadi [6].

10

Werr

-2:1077 [A] )

Iip =
g

Bu yerda Lg-zatvor uzunligi, Weg-
tranzistor uzunligining effektiv kengligi bo’lib
biz modellashtirgan tranzistorlarda
quyidagicha aniglanadi.

Weff =2- TSi + Wt (3)

Tsi-tranzistor kanal gatlamining qalinligi, W;-
tranzistor yuqori gismining kengligi.

Ushbu macolada FiInFFET
tranzistorining geometrik o’lchamlari Ts=30
nm, Wi=12 nm, Lg=25 nm ga teng. (2) va (3)
ifodalardan foydalanib FinFET tranzistori
uchun bo’sag’a tokining qiymatini keltirib
chigaramiz. Biz modellashtirgan tranzistorda
bo’sag’a toki In=5,76*10" A ga teng. MOYa
tranzistor o’tish volt-amper
xarakteristikalarining sifati ochiq lon va yopiq I+
stok toklarining nisbati orgali aniglanadi.
FINFET tranzistorlarida yopiq stok toki
bo’sag’a kuchlanishidan 200 mV ga kam
bo’lgan zatvor kuchlanishga mos kelgan stok
toki va ochiq stok toki sifatida esa bo’sag’a
kuchlanishidan 200 mV ga kattaroq zatvor
kuchlanishiga mos kelgan stok toki olinadi.

Ushbu maqolada 4 va 5-rasmda keltirilgan
natijalardan foydalanib gamralgan
zaryadlarning kengligi va istok tomon siljib
borish vaziyatini bo’sag’adan past o’tish
xarakteristikasi  qiyaligi (SS) ga ta’siri
o’rganildi. Tadqiqot natijalari 6- a va b
rasmlarda keltirilgan. Ma’lumki bo’sag’adan
past o’tish xarakteristikasi qiyaligi (SS)
kanaldagi potensial tagsimoti bilan bog’liq. Shu
sababli zatvor osti oksid qatlamida to’plangan
zaryadning kengligi va istok tomon siljib borish

vaziyati tufayli  potensial tagsimotining
o’zgarishi  qisqa  kanalli  effektlarning
o’zgarishiga  jumladan SS ning xam

o’zgarishiga olib keladi.
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6-rasm. a) Lokal zaryadning istok tomon siljib

borish vaziyati L ni SS ga ta’siri. b) Lokal zaryad kengligi
d ning SS ga ta’siri.

IV. MUXOKAMA

Xagigatdan ham modellashtirish natijalari
shuni ko’rsatadiki lokal zaryad kengligi d va
istok tomon siljib borish vaziyati L o’zgarishi
bilan potensial taqsimoti ham o’zgaradi. 7 a va
b rasmlarda potensial tagsimotning zaryad
kengligi d va istokkacha siljish masofasi L ga
bog’lanishi keltirilgan.

7.a rasmdan ko’rinib turibdiki, d ning 25
nm ga teng bo’lgan qiymatida potensial
tagsimoti eng yugori giymatni gabul gilgan. 7.b
rasmda esa lokal zaryadning istok tomon siljib
borish masofasi L ning 17,4 nm giymatida
potensial tagsimoti eng yuqori giymatga
erishgan.
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7-rasm. a) Lokal zaryadning istok tomon siljib borish vaziyati
L ni potensial tagsimotiga ta’siri. b) Lokal zaryad kengligi d
ning potensial tagsimotiga ta’siri.

Bundan shuni xulosa gilishimiz mumkunki
lokal zaryad kengligi d=25 nmga teng
bo’lganda va lokal zaryadning istok tomon
siljib borish masofasi L=17,4 nm bo’lganda SS
eng kichik giymatlarga erishadi.

V. XULOSA

Modellashtirish natijalari shuni
ko’rsatadiki, oksid gatlamidagi lokal zaryad
kengligining o’zgarishida va kanal bo’ylab
istok tomon siljib borishi turli vaziyatlarida
olingan yon stok-kanal o‘tish toklari VAX ga
ta’sir giladi. Bu esa 0’z navbatida bo’sag’adan
past o’tish xarakteristikasi qiyaligi (SS) ning
o’zgarishiga olib keladi. Olingan natijalar d
ning 25 nm ga teng bo’lgan qiymatida va L ning
17,4 nm ga teng bo’lgan qiymatlarida SS ning
eng kichik bo’lishligini ko’rsatdi. SS ning eng
kichik giymatlarida yon o’tish stok-kanal
toklari eng katta giymatlarni gabul giladi. Bu 4
va 5-rasmlardagi natijalarda ko’rsatib o’tilgan.
Biz bu orgali oksid gatlamda gamralgan lokal
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zaryadning vaziyatini aniqlash  bo‘yicha
diagnostika xulosalarini chigarishimiz mumkin.
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PHYSICS 13

MPUMECHBII TENJIO®OTOBOJbTANUYECKHUN Y®DEKT pSi-nSit-xSnx (0<x<0.04)-
CTPYKTYPAX

X.M. MagamuHoB?!, A.A. A6aypaxmoHoB?, A.LLl. UkpomoB?, I'.C. Xonunururosa?

LAHOVKaAHCKUI rocyAapCTBEHHbIN yHUBepcuTeT, Y3beknuctaH, 170100, r. AHguxkaH, yn. YHuBepcuteTckas, 129.
2®epraHckuii rocyaapCcTBEHHbIN YHUBepcUTeT, Y3bekucTtaH, 1501000, r. ®eprana, yn. Mypabbuinap, 19.
SAHOMKAHCKMI rOCY0apCTBEHHbIN TEXHUYECKUA MHCTUTYT, Y3bekuctan, 170019, r. AHgnxkaH, yn. babyplaxa, 56.

[omy4deno 25 okta6ps 2025 r.; mpuHATO K Mybnukanun 23 Hos0pst 2025 T

AHHOTauuA. B crtaTbe ycTaHOBNEHO, YTO B KPEMHMEBBLIX CTPYKTypax Tuna pSi—nSiixSnx (0 < x < 0.04),
NernpoBaHHbIX M30BaneHTHON NPMMECHIO OfoBa, COBMECTHOE BO3AeNCTBNE TeMnepaTypHOro dakropa v onTU4ecKoro
06ny4YeHns NPMBOAUT K MHTEHCUUKALMN TeNNo- U poToreHepauum HepaBHOBECHbBIX SMEKTPOHHO-ABIPOYHBLIX Map B
NpMMecHON 06racTu NornoweHns. YKasaHHbIi MexaHu3m OOYCroBNMBaET paclUMpeHne ChneKTpanbHOM obnacTtu
YYBCTBUTENBHOCTM B ONIMHHOBOSHOBYHO YacTb crekTpa. B ganbHenwem ato co3gaeT npeanochinkv Ans peanvsaumu
NPUMECHOrO TennogoToBOMNbTaN4eckoro addekTa, NpPOSBMSALIEroca MpY pPaBEHCTBE CKOPOCTEN Tenno- u
doToreHepaLmm aMeKTPOHOB U AbIPOK..

KniouyeBble cnoBa: reHepaunoHHO-PEKOMOMHALMOHHbBIE MPOLIECCHI, LUMPUHA 3anpeLLEHHON 30HbI, YPOBEHb
depmu, sHepreTUHEeCcKUn ypoBeHb, adhdekTnBHaa Macca, OoTOTOK, MPUMECHbLIV TeNNOMOTOBONbTanYeCckuin 3 dexT.

Annotatsiya. Maqolada, izovalent galay (Sn) kirishma legirlangan p-Si—nSiixSnx (0 < x < 0.04) turidagi
kremniyli tuzilmalarida harorat omili hamda optik nurlanishning birgalikdagi ta’siri kirishmaviy yutilish sohasida
muvozanatdan chiggan elektron-kovak juftlarining issiqlik va fotogeneratsiya jarayonlarini jadallashtirishi aniglagan.
Mazkur mexanizm spektral sezgirlik sohasining spektrning uzun to‘lginli gismi tomon kengayishiga olib keladi. Natijada,
elektronlar va kovaklarning issiglik va foto-generatsiya tezliklari ozaro tenglashgan holatda namoyon bo‘ladigan
kirishmaviy issiglik fotovoltayik effektni amalga oshirish uchun qulay shart-sharoitlar shakllanadi.

Kalit so’zlar: generatsion-rekombinatsion jarayonlar, ta’giglangan soha kengligi, energetik sath, effektiv
massa, Fermi sathi, fototok, kirishmaviy issiglik fotovoltaik effekti.

Annotation. | paper it has been established that in silicon structures of the type pSi—nSi1xSnx (0 < x < 0.04),
doped with isovalent tin impurities, the combined action of temperature and optical irradiation leads to an intensification
of thermal and photo-generation of nonequilibrium electron—hole pairs in the impurity absorption region. This
mechanism results in an expansion of the spectral sensitivity toward the long-wavelength region of the spectrum.
Subsequently, this creates favorable conditions for the realization of the impurity thermo-photovoltaic effect, which
manifests itself when the rates of thermal and photo-generation of electrons and holes become equal.

Key words: generation-recombination processes, band gap, Fermi level, energy level, the effective mass, the
photocurrent, impurity thermal photovoltaic effect.

I. BBEJAEHMUE.

Kak  wu3BecTHO, (OTOIIEKTPUUYECKHE (YHKLIMOHATBHBIX XapaKTEPUCTHK
HCCIICIOBAHUSA IpEaACTABIIAIOT coboit MOJTYTPOBOTHUKOBBIX HpH6opo]3 [2]
s dexTuBHbIA WHCTPYMCHT NoJXy4CHUA C Y4ETOM M3J10KEHHBIX BBIIIIE
(byHI1aMEeHTaIbHON uHdopmanuu O moJOKeHWH B Hacrosmed pabore OBLIM
MEXaHU3Max TCHCPAIMOHHO- C(l)OpMy.]II/IpOBaHBI cienymromue (051
peKOM6I/IHaHI/IOHHBIX mponcccoB HOCHTEJIEH HCCJICIOBAHUA:
3apsgaa B HOJYHIPOBOJHUKAX. Ot IMPpOLECCChI — OIpeleIcHuE MUPUHEI 3aHpe]_]_[éHH0171
OOYCIIOBIIEHBI HE TOJIBKO DHEPreTUYECKUM  3oHpp TBEpaOro pactBopa Si1xSny (0<x<0.04);
TONIOKEHNEM MNPUMECHBIX YPOBHEH, HO M HX — YCTaHOBJICHHUE TTOJIOXKEHUS ypoBHI Depmu

KOHIICHTpAllUEH, a TaKXe B 3HAYUTEILHON
CTENCHH  3aBHCAT OT BEJTMYHHBI ITMPHHBI _ onpe/ienenne SHEpPreTHYECKOro
3anmpemEénHON 30HBI TBEPAOTO PACTBOPA Sii-  onosxenus PUMECHOTO  YPOBHS SN B
xSNx (0 < x < 0.04). Iupuna 3anpemEHHOR 3anperi€HHOM 30He TBEPIOro pacTBOpa Sit-xSNy
30HBI  SIBNSETCA  OHMM W3 KIIOYEBBIX (0 <y < 0.04);

(byHIaMEeHTaTbHBIX [1apaMeTpoB
MOJTYNPOBOJHUKOBBIX MaTepuaioB [1].
Onpenenenne €€  3HAYEHUs]  IO3BOJIAET
OCYILIECTBIIATh 000CHOBaHHBII IIPOTHO3
OCHOBHBIX 3KCIUTYaTallUOHHBIX U

B TBEPAOM pacTBope Si1xSNx (0<x<0.04);

— TIOCTPOEHUE DHEPreTUYECKON 30HHOM
AMarpaMMbl CTPYKTYphI P-Si—N- SizxSnx (0 < x
< 0.04) ¢ u30BaJEHTHBIMU MPUMECIMH SN Ha
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OCHOBE  pe3ylbTaToB  (DOTOIIEKTPHUYCCKHX
HUCCIIEOBAHUN.

Il. MATEPUAJIBI U METO/JBI.

Jns  OueHKM IIMPUHBI 3alpeleHHON
30HBI OBUIM HCCIEIOBAaHBI CIIEKTPAJIbHBIC
3aBHCUMOCTH ¢dororoka pSi-nSis-
xSNx(0<x<0.04)-  cTpykTyp  MOJYYEHHOMH

METOJIOM JKUJIKO(A3HOM SMUTAKCUH B ITUPOKOM
CIIEKTPaJbHOM JHalia3oHe SHepruil (HOTOHOB
(Epn). C oroli  menmpto, TaKkkKe ObLIH
UCCIIEIOBaHbl ~ KOHTPOJBHBIE  00pasmpl -
cTanaapTHeie PSIi-NSI-CTPYKTYpBL, 03 IpuMecu
Sn.

[lpn wuccnenoBaHUM K CTPYKTypam
CO3J1aBaJICh OMHUYECKHE KOHTAKTHI, METOJOM
BaKyyMHOTO HambUIEHUS cepedpa - CIIIONIHBIE
(1) ¢ TeUIBHOM CTOPOHBI W moyocaThie (2) w3
cepedpa CO CTOPOHBI SMUTAKCHAIBHOTO CIIOS
(puc. 1). CrhekTpanbHble  3aBUCHUMOCTH
(OTOTOKAa HCCIEIOBAUCh HA YCTAHOBKE C
PU3MEHHBIM MOHOXpoMaTopoM ¢upmbl CARL
ZEISS JENA (T'epmanms). HcrouyHukom
CBETOBOTO H3JIy4CHHUS CIIy)KHJa TaJOTeHOBas
JaMIla HakaJIMBaHUs MOIHOCTHIO 100 Br.

1
=

nSi,.Sn,

]’ W= 20 Mxm

pSi W = 400 mxm

—1'

Puc. 1. Cxema pSi-nSiixShy (0<x<0.04)

N3 skcnepuMEHTabHOM 3aBUCUMOCTH
cnekTpa (OTOTOKA, NMPUBEACHHOW HA puc. 2
BHHO, 4TO Kpail u3meHeHus: (orotoka PSi-
nSizxSnx (0<x<0.04)- ctpykrypsl (kpuBas 1,
pHc. 2) CABUHYT B JUIMHHOBOJIHOBYIO CTOPOHY
MO0 CpPaBHCHHUIO C KOHTPOJbHOH PSi-nSi-
CTPYKTYpOii (kpuBas 2, puc. 2).
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=] i .‘. Lol
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Puc. 2. CnekrpanbHble 3aBUCUMOCTH (HOOTOKA
pSi-Si1-xSnx (0<x<0.04)-cTpyKTyp
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a ocHoBe cxaBura ¢ororoka PSi-NSi1xSNny
(0=x<0.04)-cTpyKTypbl B JJIMHHOBOJIHOBYIO
CTOPOHY CIIEKTpa M3JIydeHHsI 110 CPABHCHHUIO C
KPEMHHEBOM CTPYKTYPOU MBI OIICHWIIN IMUPUHY
3aMpelieHHON  30HBI  TBEPIOrO  PacTBOpA,
KoTopas coctaBisiia EQsisn = Egsi— -E = 1.16 —
0.1 = 1.06 3B. Omnpenenenas HaMu 3HAYCHUS
Egsisn Xopoimo coriacyercss ¢ pe3ylbTaTaMu,
OIpe/IeICHHBIC c MTOMOIIIBIO
NEPBONPUHIMITHBIME ~ MeTogamu  [3-4] u
3akoHOM Berappa [5] (Tabm. 1).

Taoauna 1.
3aBUCHUMOCTb HIMPHUHBI 3aMPELIEHHON 30HbI OT
KOHIICHTPAIIMU 0JIOBA

0 Egsisn, 5B
% % 3-4] 5]
0 1.16 -
15 1.13 -
3 1.10 1.11
6 1.04 1.041
I/I3BCCTHO, qTO B HeBBIpO)KIIeHHBIX
HOJ'IyrIpOBOI[HI/IKaX BCJIIMYHNHA HH/IpI/IHBI

3apelEHHON  30HbI HAxXOAUTCA B TECHOU
B3aMMOCBSI3U C MOJIO)KEHHEM YpoBHSI Depmu.
JIist  KOMMYECTBEHHOM OIEHKH IOJIOKEHUS
ypoBHsT DepMu B HCCIEAyeMBIX oOpaslax

BOCIIOJIb3YEMCS COOTHONICHUSIMU,
MpUBEAEHHBIMU B pabote [1]. B
MPEANONOKEHUH, YTO DJJIEKTPOHBI B 30HE
MPOBOAMMOCTH  TMOAUYUHSIOTCA  CTaTHCTUKE

Makcsemta—bonpliMaHa, IOJIOKEHUE YPOBHS
@epmu  MOXKET OBITh ONpEAETICHO 4Yepes

KOHIIGHTPALMIO  DJIEKTPOHOB  CIIEIYIOLINM
obOpazom:
@ w E-F E-F

n= j N(E)f (E, T)dE = j N(E)e ¥ dE=N,e K (1)
Ec Ec
rae NC — s dexTuBHas MITOTHOCTH COCTOSTHUI B

30HC IPOBOAUMOCTH:

v _N\3/2 .

27m, kT =25-10%. Ma
h? m

372 3/2
% T =248-10"° T
300 300

3nech My - 2 peKTHBHAS Macca IEKTPOHA B
30HE MPOBOAUMOCTH - My =0.33m[1].
Hcnonb3ys 3HA4€HUs  KOHLEHTPALMH
OCHOBHBIX HoOcHTeNneH N pasuyro 10Y cud,
ONPEJEICHHYI0 C ITIOMOMBI0  XOIUIOBCKHX
M3MEPEHUH, MBI ~ MOXEM  OIPEJENUThH

nosioxkeHne ypoBHa @DepmMu B TBEpIAOM

3/2
N, =2

(2)
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pacTBope NSi1«Sny

COOTHOILIICHUSA .

(0<x<0.04) w3

N

F=E,-kTIn TC ~E, 0145 5B, (3)

Cran dororoka pSi-nSi1«Sny
(0<x<0.04)-cTpyKTypbl B KOpPOTKOBOJIHOBOM
o0lacTu CHeKTpa U3JIydyeHHss OO0YCJIOBJIECH
rIIyOMHOW  3ajieraHuisl  pasfjelnstoniero  P-n-
repexo/ia, B HaIIeM ciiydyae oHa cocTaBiseT 20
MkM. Korpga mmmuaa nuddy3un HEOCHOBHBIX
HOCHUTEJICH MEHBIIE, YeM TIIyOMHBI 3aJeraHus
p-n- mepexoma, TO AJIEKTPOHHO-IBIPOYHBIC
napel, TCHEPUPOBAHHBIC BBHICOKOIHEPTUIHBIMU
(GboToHaMH, B TPUNOBEPXHOCTHOH OOJIACTH
CTPYKTYpbl HE JOXOIAT 10 pa3/elsioniero
Oapbepa U He YYaCTBYIOT B CO3/ITaHHH (POTOTOKA,
YTO NPUBOMT K CHaay (OTOUyBCTBUTEIBHOCTH
ctpykrypsl [6]. Crax dororoka pSi-nSi1-xSng
(0<x<0.04)- cTpykTypsl B KOPOTKOBOJIHOBOM
o0actu crekTpa ¢ sHeprueit poronon Epn>1.6
5B cuibHee, 4YeM KOHTpPOJBHBIX pSi-nSi-
CTPYKTYp. DTO, OOYCIOBJIEHO TEM, YTO JUIMHA
¢ dy3ur HEOCHOBHBIX HOCUTENEH B TBEPJOM
pactBope NSi1«Snyx (0<x<0.04)meHbie, yeM B
nSi matepuare.

1. PE3YJIBTATBI U OBCYKAEHMUSI.

N3BecTHO, 4TOo TeHEPAMOHHO-
PEKOMOMHAIIMOHHBIE TMPOIECCHl HOCUTENEH B
MOJIYIIPOBOJTHUKAX ~ CBsI3aHBI ~ HE  TOJIBKO
MOJIOKEHUEM  DHEPreTHYeCKHX  YpPOBHEU
MPUMECEN, HO U C UX KOHLIEHTpAIMEen, KOTopast
B CBOIO oOuYepeAb CHIBHO 3aBUCUT OT
TEMIIEPATYPHI.

st mpoBepKH BBINIECKA3aHHOTO ObLIH
HCCJIEeIOBaHbl TEMIIEpaTypHble 3aBUCHMOCTH
¢dororoka pSi-nSi1xSnx(0<x<0.04)- cTtpykTyp B
HUIMPOKOM CIHEKTPAIIbHOM JHarna3oHe >HEPTUu
¢otonoB. Ha puc. 3 mokazaHbl 3aBUCHMOCTHU
OTHOCHUTEIEHOTO pUpocTa doroToka,
ompejeNiieMble KaK OTHOIICHWE 3HAYCHUU
(dboToTOKAa TPHU pa3TUUHBIX TeMIepaTypax
(Jpn(7)) x ero 3HAUEHHUIO MMPH KOMHATHOM
temrepatype  (Jph(300 K)) ot sHeprum
(OTOHOB, MaJaroIKX Ha 00Opa3el.

W3 puc. 3 BUAHO, YTO KOTJa SHEPrus
¢dotonoB Epn>Egsisn, B cobcTBeHHO# 0oOMactn
MOTJIONIEHUs,, (OTOTOK  MPAKTUYECKH HE
3aBUCHUT OT Temneparypsl. Korna Eph<Egsisn, B
MIPUMECHOM 00JIaCTU TOTJIOEHUsI (POTOTOK
CWJIBHO 3aBHCHUT OT Temrmeparypbl. C pocToM
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TEeMIIepaTypbl HAOII0JaeTCSI MOHOTOHHBIN POCT
($hoTOTOKA B MPUMECHON 00JIACTH TOTJIOMIEHNS,
IprYeM MaKCHUMAaJbHBIA MPHUPOCT (POTOTOKA
HaOmonaercss npu Epn = 1.01 »>B. Ilpu
nocTmxkeHun Ttemmnepatypsl I = 363 K
MaKCHUMAaJbHBIA ~ OTHOCUTENBHBIH  HPHUPOCT
dororoka coctasisieT Jph(7)/Jpn(300 K) = 4.3,
4TO SABIIAETCS CYIIECTBEHHBIM u
CBHUJICTEJIbCTBYET 0 BO3HUKHOBCHUU
MIPUMECHOTO Ter10()OTOBOIBTAUYECKOTO
a¢dekTa B UCCIIeyeMbIX 00pa3Iax ¢ y9acTueM
ypOBHS SN.

—— MK

4 F —8— MK
Q E: —h— 3K
= —w— MOK
S‘] —§— MK
"é 3r —— MK
:3 ’_’/‘ - — - AWK
£ > 1-"./ v
= A = ’_.‘_,—Oiv/‘\q
T T[S NS

'/ /:-_".““-,_:“‘:-E?_:-Q\ .
I =0an s =N
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Puc. 3. ChekrpanbHble 3aBUCUMOCTH
OTHOCUTEIILHOTO  MpUpocTa  (POTOTOKA

Jph(T)/Jpn(300 K) pSi—nSi1-«Sny (0<x<0.04)-
CTPYKTYp IPH Pa3INYHBIX TEMIIEPATYP

Jl71s 00BsICHEHHSI MEXaHHU3MOB IPOIIECCOB
MPOTEKAIOIIMUX B MCCIIEIOBAHHBIX CTPYKTYpaX,
IIPU OJTHOBPEMEHHOM BO3JICMCTBUU TEIIO- U

dororeneparu  HamMM  OblJa  TIOCTPOEHA
JHEpreTHYecKas 30HHas qguarpamma (puc. 4).
[ahot)
Eesi
n&iy Sh.
. Eg
Fian eobomimims = — "= =
v Eysi
Epn < Egsi
LATAVL J
2

Puc. 4. DHeprertuueckas 30HHas auarpaMma
pSi—nSi1«Sny (0 < x < 0.04)-cTpyKTYpBHI.
CoryiacHO 3TOMY, TIOBBIIIIEHHE MIPUPOCTA
GoTOTOKA €  POCTOM  TEMIIEPAaTyphl B
NPUMECHOUW O0JIaCTH  IMOTJIOMICHUS, MOYHO
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CUUTaTh, O0YCIIOBJICHO YBEIMUEHUEM CKOPOCTH
TEIIOBOM reHepanuu HEPaBHOBECHBIX
AJIEKTPOHOB ANj 3a CYET Mepexoaa EKTPOHOB
C MPUMECHBIX YPOBHEH B 30HY NMPOBOJUMOCTD,
KaKk 3TO mMoka3aHo Ha puc. 4 (mepexoxm 1).
TenoBas reHepanus JIEKTPOHOB C
MIPUMECHBIX YPOBHEH, HOHU3UPYS KOMIUICKCHI
Si-Sn, cmocoOCTBYET 3JEKTPOHHBIM MTEPEX01aM
13 BAJICHTHOW 30HBI HA IPUMECHBI YpOBEHb,
KOTOpBIE MPOUCXOIAT TOJ BO3ACHCTBHEM
¢dotonoB ¢ 3Hepruenn Epn<Egsi (mepexon 2 Ha
puc. 4). B pe3ynpTate Takux 3JIEKTPOHHBIX
[IEPEXO/I0B B BAJICHTHON 30HE I'E€HEPUPYIOTCA

HEPaBHOBECHbIE JBIPKH. [Tockonbky
MaKCUMAaJIbHBII IIPUPOCT ¢doToToKa
HaOmomaercss mnpu  Epn = 1.01 eV,
CleloBaTeNnbHO, SN-Si CBSI3b B TBEPAOM

pactBope Si1xSNy, MO-BUAMMOMY, 00pasyeT
SHEPreTUYEeCKUi ypOBEHb, PACIIONIOKEHHON Ha
Ei~ 1.01 eV Beme moTonka BaJIEHTHON 30HBI
kpeMHus. O1HaKo npu Temrneparypax 10 363 K
CKOpPOCTh TEIJIOBOM TeHEepaIi JIIEKTPOHOB
(Gn) ¢ mpuMecHBIX ypOBHEH OymeT MeHbIIe,
4eM CKOpocTh (ororenepanun Ibipok (Gp);
Gn<Gp, Tak Kak Ha KpuBBIX 1-7 puc. 3
OTCYTCTBYET HACBIIIEHUS IO TeMIepaType H,
CJIEJIOBATENIbHO,  TEII0()OTOBOJIBTANYECKHIA
TOK B TNPUMECHOH O0O0JAacTU MOIJIOIIEHUS B
uHTEepBajge Ttemmeparyp a0 363 K Oymer
ONpeNeNaTcsi, B  OCHOBHOM, CKOPOCTBIO
TETUTOBOM T€HEePAITUH AIEKTPOHOB - Gn.
Pemrarommum  ycioBueM Uil IOJTHOTBI

MPOSABJIEHUS. TPUMECHOr0  TeIr10(OTOBOJIb-
TaMueckoro HQQexTa SBISIETCS PaBEHCTBO
CKOpocTell  Temno- W QoToreHepauuu

3JIEKTPOHOB U ABIPOK: Gn=G,, KOTOpOE MOXKET
MPOUCXOANUTH IIPU TOBBIIIEHUH TEMIICPATYPH.

HccnenoBanusi CreKTpajbHBIX 3aBUCH-
Mocteii  ¢ororoka PSi-NSi1-xSnx(0<x<0.04)-

CTPYKTYp B  IIUPOKOM  CIEKTPAIHHOM
nuana3zoHe dHepruil  ¢otonoB (Epn)
TEMIEPATYPHOH  3aBUCUMOCTH  CIEKTPOB

(doToTOKa 00pa3OB MO3BOJIWIA OMPEIEIUTH,
9TO DHEPreTHYSCKUN YPOBEH Sn HAXOIUTCS B
3alperieHHoi 30He TBEPAOro pacTBopa Sii-
Shy, wmmxe 0.15 5B or 1mHa 30HH
MIPOBOAMMOCTH, KoTopas MOJIHOCTBIO
coBmamaer ¢ [/] nuTepaTypHbIMU JTaHHBIMH.
Cornacho [7], mpumechl osioBa B Si co3maroT
SHEPreTUYECKHd YPOBEHbD B 3alIPEUICHHON 30HE
¢ sHepruei nonmzanuu E < 0,25 3B.
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OrnpeneneHHas HaMU 3HAYEHUSAIIUPUHBI
3alpenieHHoNl  30HBI  TBEPJOTO  pacTBOpa
cocraBnsima Egsisn = 1.06 5B, xoporio
corjacyercs ¢ pe3yjibTaTaMy JAPYTrUX aBTOPOB.
Ha OCHOBE 3TUX pe3ynbTaToOB
(OTORIEKTPUYECKUX HCCIEAOBaHUN IMOCTPOE-
Ha DHEpPreTUYeckas 30HHas auarpamma pSi—
NSi1xSnx (0<x<0.04) cTpyKTypHI.

1IV. 3AKJIIOYEHUSI.

B KPEMHHUEBBIX CTPYKTypax c
M30BAJICHTHBIMM TPUMECSIMH SN COBMECTHOE
BIIMSHUE  TEMIEpaTyppl W OCBEILICHHUs
CIOCOOCTBYET TeIUlo- M (OTOreHeparuu
HEPABHOBECHBIX 3JIEKTPOHHO-ABIPOYHBIX I1ap B

NpUMECHOH  00NlacTd  TOTJIOWIEHUS U
pacmmpsier CHEKTPAJIbHYIO o0JacTh
YyBCTBUTEIHHOCTHU B JUTHHHOBOJTHOBYIO
CTOPOHY.

Takum 00pa3om, U3y4eHHasl CTPYKTypa
HMEET BBICOKYIO HH(PAKPACHYIO YyBCTBHUTEIb-
HOCTh, BCJCJCTBHEC KOTOPOH MOXET OBITh
HCITIOJIb30BaHA KaK aKTHBHBIM JJIEMEHTOM JUIS
uHaukatopop  MK-m3nydeHus B HOYHOM
HaOmonenuu [8], mis UK-tepmometpos [9] u
17151 OMOCEHCOPHBIX MPUOOPOB.
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TOR ZONALI KVANT O‘RANING O‘TKAZUVCHAN ZONA TUBIDAGI
ERKIN ELEKTRONLAR ENERGIYASIGA MAGNIT MAYDON TA’SIRI

M.G*. Dadamirzayev
Namangan davlar texnika universiteti, Namangan sh, I.Karimov ko‘chasi 12-uy

2025-yil 30-noyabrda gabul gilingan; 2025-yil 10-dekabrda nashrga gabul gilingan

Annotatsiya. Ushbu maqolada tor zonali kvant o‘ralarda erkin elektronlarning energiyasining
magnit maydonga bog'ligligini nazariy jihatdan o‘rganilgan. Tadgiqotda kvantlovchi magnit maydon ta’sirida
Landau sathlarining hosil bo'lishi va ularning elektronlarning energetik holatlariga ta’siri nazariy jihatdan
tahlil gilingan. Uch zonali yaqginlashish modeli asosida tor zonali kvant o‘ralar uchun yangi energiya
tenglamasi hosil qilinib, u orqali elektron energiyasining magnit maydon kuchiga nochiziqli bog'ligligi
aniglangan.

Kalit so‘zlar: kvant ora, tor zonali yarimo‘tkazgich, magnit maydon, Landau sathlari, energiya
relaksatsiyasi, dispersiya qonuni, nanoelektronika.

AHHOTaumsa. B gaHHO cTaTbe TeOpeTUYecku MUccredoBaHa 3aBUCMMOCTb 3HEpPrM CBOGOAHbLIX
3MeKTPOHOB OT MarHWTHOTO MOMNA B Y3KO30HHbIX KBAHTOBLIX sIMax. B wuccrnenoBaHuM TeopeTuUyecku
npoaHanu3npoBaHo obpasoBaHue ypoBHel JlaHaay non Bo3nenicTBUMEM KBAHTYIOLLErO MarHUTHOTO MOIs U
UX BMUSIHWE Ha 3HepreTUYecKkMe COCTOSHWUSA 3NeKTPOHOB. Ha ocHoBe TPEX30HHON Modenu NpubnmkeHus
BbIBEIEHO HOBOE YpaBHEHMWE 3HEPrm s Y3KO30HHbIX KBAHTOBLIX SIM, C MOMOLLbIO KOTOPOrO YCTaHOBMEHA
HenuHeHas 3aBUCMMOCTb SHEPTUUN ATIEKTPOHOB OT BENTUYMHbBI MarHUTHOIO MO,

KnioueBble crnoBa: KBaHTOBasi $iMa, Y3KO30HHbLIA MOMYNPOBOAHWUK, MarHUTHOE More, YPOBHU
NaHpay, penakcaumsi SHEprMu, 3aKoH AMCNEePCUN, HAHO3MEKTPOHMKA.

Annotation. In this article, the dependence of free electron energy on the magnetic field in narrow-
band quantum wells has been theoretically investigated. The study theoretically analyzes the formation of
Landau levels under the influence of a quantizing magnetic field and their effect on the electronic energy
states. Based on a three-band approximation model, a new energy equation for narrow-band quantum wells
has been derived, through which the nonlinear dependence of electron energy on the strength of the
magnetic field has been determined.

Key words: quantum well, narrow-band semiconductor, magnetic field, Landau levels, energy

relaxation, dispersion law, nanoelectronics.

Kirish. Jaxonda kvant o‘lchamli tizimlar -
kvant quduglar, kvant simlar va kvant nuqgtalar

bo‘yicha muhim vazifalar belgilab berilgan. Ushbu
vazifalarni amalga oshirishda, jumladan, ikKi

asosidagi strukturalar nanoelektronika, spintronika
va optoelektronika sohalarining fundamental yangi
ilmiy-texnikaviy yechimlarini ishlab chigishga
yo‘naltirilgan ilmiy-tadgigot ishlari olib
borilmogda. Kvantlovchi magnit maydondagi
kichik va xajmiy yarimo’tkazgichli tuzilmalarda
Landau sathlarining kengayishi va ularning harorat
bilan so‘nishi elektr va optik xususiyatlarini
belgilaydi.

Respublikamizda ilm-fan sohasida, hususan
yarimo‘tkazgichlar  fizikasining rivojlanishiga,
jumladan, tashqi ta’sirga sezuvchanligi yuqori
bo‘lgan, tenzosezgir, fotosezgir va termosezgir
yarimo ‘tkazgichli strukturalarni olish
texnologiyalariga katta e’tibor qaratilib, muayyan
natijalarga erishilmogda. O‘zbekiston Respublikasi
Prezidentining 2017 yil 7 fevraldagi PF—4997-sonli
«O‘zbekiston Respublikasini yanada rivojlantirish
bo‘yicha Harakatlar strategiyasi to‘g‘risida» gi
farmoni  asosida  yarimo‘tkazgichlar  fizikasi
sohasidagi fundamental izlanishlar natijasida yangi
texnologiyalarni joriy etish orgali mikro va
nanoelektronika sohasini yanada rivojlantirish

o‘lchamli holatlar zichligini tashqi omillar ta’siriga
bo'ligligini chuqur o‘rganish, yangi avlod
tranzistorlari samaradorligini oshirish, kvant sensori
(magnit maydon, harorat va bosim sezgir
detektorlar) yaratish, hamda deformatsiyaga sezgir
nanodatchiklarni ishlab chigishning fundamental
nazariyalarini takomillashtirish muhim ahamiyat
kasb etadi.

Adabiyotlar tahlili.
maydonning qo‘llanilishi kvant o‘radagi ikki
o‘lchovli elektron quyi zonalarining Landau
sathlarining diskret to‘plamiga bo‘linishiga olib
keladi. Bu quyi zonalararo elektron relaksatsiya
mexanizmining sezilarli o‘zgarishiga olib keladi [1-
6].

Kvantlovchi  magnit

[1] ishda kvant o‘ralardagi Landau sathlarida
energiya relaksatsiyasi mexanizmlari o‘rganilgan.
Kvantlovchi magnit maydon ta’sirida ikki o‘Ichovli
elektron quyizonalari diskret Landau sathlariga
ajralishi va bu holat elektronlar orasidagi ichki zona
kinetikasini ~ sezilarli ~ darajada  o°zgartirishi
aniglangan. Tadgiqotda elektron-elektron va
elektron-fonon o‘zaro ta’sirlarining energiya
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relaksatsiyasi jarayonlariga ta’siri ko‘rib chigilgan.
Tadgigotda quyizonalar energiya relaksatsiyasi
ikkita bosqichdan iboratligi ko‘rsatilgan. Birinchi
bosqichda, elektronlar o‘zaro to‘qnashuvlar orqali
tezda termalizatsiyalanadi va kvazi-Boltsman
tagsimoti shakllanadi. Keyingi bosgichda, optik
fononlar nurlanishi natijasida sekin energiya
relaksatsiyasi sodir bo‘ladi. Elektron-elektron
to‘gnashuvlari relaksatsiyaning asosiy omili sifatida
aniglangan va bu jarayon Landau sathlari bo‘ylab
elektronlarning energiya tagsimotini o‘zgartiradi.
Tadqiqot Landau sathlari kinetikasi bo‘yicha
ko‘plab yangi nazariy va amaliy tushunchalarni
taklif qiladi, bu kvant o‘ra asosida ishlovchi
moslamalarni  optimallashtirishda  qo‘llanilishi
mumkin. Ushbu natijalar kvant zarralari fizikasi va
nanoelektronika sohalarida ahamiyatlidir.

Taxlil va natijalar. Tor zonali kvant o‘raning
o‘tkazuvchanlik zonasi tubidagi erkin elektronlar
energiyasini magnit maydonga bog‘ligligini ko‘rib
chigaylik.

Ushbu masala uch zonali yaginlashish asosida
tenglamalar yechiladi. Bu yaginlashish tor zonali
kvant o‘rali yarimo‘tkazgichlar uchun tenglamani
qulay yechimini topish hisoblanadi. Ko‘rib
chigilayotgan yaginlashishda H ¢ va Hi yordamida

8 X 8 o‘zaro ta’sir matritsasini quyidagicha yozish

mumkin [7].
H O
0 H @
Bu yerda
E O kP 0
A 2 isT
© 53 3 0 @
H_I<F> gA £ o —?(XHY)
X —iv)d
o 0 o EV+% NA

(2) matritsadagi o‘ng tomondagi ustun H bilan
bog‘langan energetik holatlarni ifodalaydi.

Agar boshlang‘ich energiyani kvant o‘raning
o‘tkazuvchanlik zonasi tubi bilan hisoblasak,
(Ec=0), u holda quyidagi tenglamaga erishiladi:
(E+E,)(E (E +E,)(E +E, +A)-

2p2 ('

—k°P?(E +E, +2A/3))
Bu yerda,

®)

E () =E() -2

’

0

19

(3) formuladan ma’lumki , k=0 uchun E'(k)
funksiyaning to‘rtta o‘ziga hos qiymati mavjud:
E1=0; E>= Es= -Eg; va Es=- Eg-A. E1=0 sharti — bu
sanoq boshi o‘tkazuvchanlik zonasi tubidan
boshlanishini bildiradi. E; va Es energiyalar esa
og‘ir (Ev1) va yengil (Ev.) kovaklarning valentlik
zonalarining shiplarini  anglatadi. Es energiya-
valentlik zonasi shipiga spin orbital ta’sirini
ko‘rsatadi.

Ma’lumki, tor zonali yarimo ‘tkazgichlar uchun
mn<<myg shartdan foydalanib, (3) da keltirilgan

h*k?
2m,

holda, magnit maydon mavjud bo‘lganda, (3)
tenglamaga o‘xshash uchta energiya zonalari uchun
energetik sathlarini kubik tenglamasi hosil bo‘ladi;

Ers(Bye + Eg J(Ey. + Eg +A)- p? |ik12 +(2N +l)%:|*

hadni hisobga olinmaydi (E~ << E ). u

2 P’A @
*(EN+ +E, +§Aji e =0

Buyerda: Ey, . = Ey.

(4) da bosh energetik sath o‘tkazuvchanlik zonasi
tubidan boshlangan. Agar, B—0 bo‘lganda, (4)
tenglama (1) ko‘rinishga o‘tadi.

Agar, elektronlarning spin tagsimotini hisobga
olinmasa hamda Ey <<E; shart bajarilsa, (4)
dagi kubik tenglama o‘tkazuvchanlik zonasi
elektronlari uchun quyidagi ko‘rinishga ega bo‘lgan
kvadrat tenglamaga o‘tadi:

Eg
ENi(B7 Eg) = _7+

®)
hZ 2
oL EX +4E, (N+ljhwc°+ .
2 2 2m

n
Ma’lumki, kuchli magnit maydon ta’sir
etmaganda, erkin elektron energiyasi OZ o‘qi
bo‘ylab o‘lchamli kvantlanish hisobiga diskret

hisoblandi, lekin XOY tekislikda uzluksiz
spektrdan iborat bo‘ladi. Yani,
P2 P2 ZEZ
EX™ (k,d) = 2+ 2+ _n? (§)
2m, 2m_  2m.,d

(6) ifoda keng zonali kvant o‘ralar uchun o‘rinli
(kvadratik dispersiya gonuni uchun).

(5) formula, hajmiy tor zonali
yarimo ‘tkazgichlarning o‘tkazuvchanlik zonasidagi
erkin elektronlar energiyasini magnit maydonga
bog‘ligligini ifodalaydi. Ya’ni, magnit maydon
kuchlanganligi Z o‘qi bo‘ylab yo‘nalgan bo‘lib,
XOY tekislikka perpendikulyardir. Bunda, zaryad
tashuvchilar  energiyasi Landau nazaryasiga
muvofig, XOY tekislikda diskret sathlar hosil
bo‘ladi. OZ o‘qi bo‘ylab esa, erkin elektron
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energiyasi uzluksiz spektrni tashkil etadi. Albatta
bu kvant ip analogiyasini beradi. Savol tug‘iladi, tor
zona kvant o‘ra asosidagi yarimo‘tkazgichlarda
ushbu ilmiy faraz ganday amalga oshadi? Tor zonali
kvant o‘raning o‘rkazuvchanlik zonasidagi erkin
elektronlar energiyasi magnit maydonga qganday
bog‘liq bo‘ladi? Kvant o‘raning valent zonasidachi?

Tor zonali kvant o‘ralar uchun [7] dagi
formulani tadbiq etiladi: Yani, A<< Eg shart
bajarilsa

E 2 om, KK,
Ecnonparab (k) —__9 1-11+ g* r;xyz * Xyz (7)
2 E, h 2m

nxyz

(7) ni tor zonali kvant o‘ra uchun quyidagicha
yozish mumkin:
ECZd,nonparab (k, d) —_

E ap? om, (nik: hE gepe ] ®
9|1+ * £My Xy y 7 n2
2 EZ A*|\2m, 2m, 2m, °

9 ny nt

A

i
Buyerda, P=——<S|P [x>.

M,
(6) va (8) formulalar kvadratik hamda kvadratik
bo‘lmagan dispersiya qonunlari uchun B=0 da
kvant o‘raning o‘tkazuvchanlik zonasidagi erkin
elektronlar energiyasini ifodalaydi. Agar B+#0 shart
bajarilsa, (6) ifoda quyidagi formulaga o‘tadi:

1 nh

EX®(B,d)=| N{ += |l +——n;  (9)
2 2m.d

n

hZ 2
U holda, (5) da keltirilgan 2
2m

n

ni o‘rniga tor

zonali kvant o‘ra shartiga muvofiq (Lui de Broyl
242

———n? xadni almashtirilsa,

n

quyidagi ifodaga erishiladi:

munosabati, A¢g=d),

E,(B,d) N

2 (10)
'k’
2md? "]

Enzd,norlparab(Eg (B,d), B,d,nz, NE) - _

+%\/(Eg (B,d))? +4E, (B, d)[(N; +%)ha)f +

Ushbu formula, tor zonali kvant o‘raning
o‘tkazuvchanlik zonasidagi erkin elektronlarning
energiyasi magnit maydonga  bog‘ligligini
ifodalaydi. Yangi olingan (10) formula muhim
hisoblanadi, sababi, shu kunga qadar kvant o‘raning
ta’qiglangan zona kengligi qanday bo‘lishidan

Ey(B,d) fagat (9) boyicha

hisoblangan. Vaholanki, (10) ga ko‘ra, Ejy
energiya B ga nochiziqli bog‘langan. Bu yerda,
eB .
pout

n

qat’ly nazar

COC =

20

Keling, (10) formulani tor zonali kvant o‘ra
asosidagi yarimo‘tkazgichlarga tadbiq etaylik. Bu
nazariy g‘oyani grafik ko‘rinishda taxlil qilib
ko‘raylik. 1-rasmda InAs/AISb kvant o‘rali
yarimo‘tkazgich uchun o‘tkazuvchan zonasidagi

erkin elektron energiyasini Elowere B
bog‘ligligi keltirilgan. Bunda, Eg¢(InAs)=0.35 eV,
d=12 nm [8-10]. 2-rasmda esa, GaAs/AlxGai-
«GaAs [11] kvant o‘ra uchun Ecparab(B,d)

grafigi keltirilgan. Ushbu rasmdan ko‘rinib
turibdiki, chizigli va nochizigli grafiklar dispersiya
qonunlariga bo‘ysinishi kuzatilmoqda. Bundan

tashgari (10) formulaga ko‘ra E_ onporab (B,d)

dan tor zonali kvant o‘rani qalinligi d ga bog‘ligini
ham olish mumkin.

Ec.d,nonpar , eV

077
u,ssé
D,E?
0_555
D,Sé
0.457

047

U'35:.’| LA

1-rasm. InAs/AlSb kvant o‘raning
o‘tkazuvchanlik zonasidagi erkin
elektronlar energiyasiga magnit
maydonni ta’siri .

EP" eV y B
08 !

Ni=4
04

B.11
2-rasm. GaAs/AlxGai«/GaAs kvant o‘raning

o‘tkazuvchanlik zonasidagi erkin elektronlar
energiyasiga magnit maydonni ta’siri .
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TEMIR VA NIKEL BILAN LEGIRLANGAN QILINGAN KREMNIY NAMUNALARIDA
BO‘LAKLARINING HOSIL BO‘LISHI

S.Z.Zainabidinov?!, N.A.Turgunov?, A.Y.Boboev?, Sh.K.Akbarov?!, N.B.Khaitimmetov?

1Z. M. Bobur nomidagi Andijon davlat universiteti, O‘zbekiston, 170100, Andijan sh, Universitet ko‘chasi 129 uy
2Scientific Research Institute of Semiconductor Physics and Microelectronics at the National University of Uzbekistan

2025-yil 5-noyabrda berilgan; 2025-yil 29-noyabrda chop etish uchun gabul gilingan.

Annotatsiya. Ushbu magolada kremniyda temir va nikel bilan aralashib, yuqori haroratli diffuziya
gotishmasi orgali aralashma atomlari klasterlarining hosil bo‘lishi jarayonlari ko'rib chigiladi. Strukturaviy
tadgiqotlar natijalari Shimadzu XRD 6100 rentgen diffraktometri yordamida olindi. Ma’lum bo‘lishicha, n-
Si<Fe> namunalarining hajmida kremniy atomlari, asosiy temirning gotishma aralashmasi hamda kislorod
va uglerodning texnologik aralashmalari ishtirokida atomlar to‘planishi aniglandi, bu esa matritsa
materialining tuzilishida sezilarli o‘zgarishga olib keldi. Diffuziya annealingdan so‘ng n-Si<Fe,Ni>
namunalarining hajmida asosiy va texnologik iflosliklarning turli atom to‘plamlari hosil bo‘lishi kuzatiladi.

Kalit so‘zlar: kremniy, temir, nikel, rentgen difraksiya tahlili, to‘planishi

AHHOTas. B aTOM CTaThe paccMaTpmBalOTCA NpoLecchl 06pa3oBaHUs KnacTepoB aTOMOB COeAUHEHNI
NyTéM CMeLUVBaHWS Xerne3a U HUKeNs B KPEMHUU C NOMOLLLIO BbICOKOTEMNepaTypHOro Anddy3noHHOro
cnnaBa. PesynbTaTtbl CTPYKTYPHbIX WUCCRegoBaHUM Obinv MOMyyYeHbl C MOMOLLbIO PEHTTEHOBCKOro
andpaktometpa Shimadzu XRD 6100. Okasanocb, 4TOo B pa3mepe 06pa3uoB n-Si<Fe> obGHapyxeHo
HakonfneHne aTtoMoOB B MPUCYTCTBUM aTOMOB KpPEMHUSA, CMecu cnnasoB ©0as3oBoro xenesa u
TEXHOMNOrMYECKMX CMecen Kucrnopoaa v yrnepoaa, 4to NpUBENo K 3HaYNTENbHbIM U3MEHEHNAM CTPYKTYpbI
mMaTpuyHoro matepuana. lNocne gnddysnoHHoro omkunra B o6béme obpasuos n-Si<Fe,Ni> HabnogaeTtcs
obpa3zoBaHMe pasnuyHbIX aTOMHbIX HAOOPOB OCHOBHbIX M TEXHOMOMMYECKNX MPUMECEN.

KnioyeBble cnoBa: KpemMHWA, Xemne3o, HWKeNb, PEHTreHOBCKUA ANMPAaKUMOHHbLIA  aHanms,
HakomnseHue.

Abstract. In this paper, the processes of formation of clusters of impurity atoms in silicon doped with
iron and nickel by high-temperature diffusion alloying are considered. The results of the structural studies
were obtained using a Shimadzu XRD 6100 X-ray diffractometer. It was revealed that accumulations of
impurity atoms with the participation of silicon atoms, the main alloying admixture of iron, as well as
technological admixtures of oxygen and carbon are formed in the volume of n-Si<Fe> samples, which leads
to a significant change in the structure of the matrix material. The formation of various accumulations of
atoms of basic and technological impurities is also observed in the volume of n-Si<Fe,Ni> samples after
diffusion annealing.

Keywords: silicon, iron, nikel, impurity, X-ray diffraction analysis, impurity accumulations.

I. KIRISH. Ma’lumki, 3D metallarning
turli elementlari bilan doplangan kremniyning
xususiyatlarini boshgarish yanada targalgan
tuzilma hosil bo‘lishi va mikro- hamda
nanoklasterlar hosil bo‘lishi orqgali aniglanadi
[1-4]. Ushbu jarayonda, optimal diffuziya
parametrlarini tanlash orgali yarimo‘tkazgich
kremniyning fizik-kimyoviy xususiyatlarini
sezilarli darajada yaxshilash mumkin. Kremniy
hajmiga metalllarning Kiritilishi, aynigsa yuqori
haroratda diffuziya qotishmasi usuli orgali,
kremniy matritsali element atomlarining
texnologik atomlari bilan kimyoviy o‘zaro
ta’siriga, shuningdek, ularning tuzilishiga
sezilarli ta’sir ko‘rsatishi mumkin [5-7].

Mikro- va nanoelektronikaning
zamonaviy  rivojlanishi  yarimo‘tkazgich
materiallarning fizik-kimyoviy xususiyatlarini
yanada aniqroq usullar yordamida o‘rganishni

talab giladi. Bunday tadgiqot yo* nalishlaridan
biri — strukturaviy tahlil bo‘lib, u orgali
yarimo‘tkazgich materiali hagida muhim
ma’lumotlarni olish mumkin. Bu  sohada
nugsonli  modda tuzilmalarini rentgen
spektroskopiyasi usullari eng ma’lumotli,
ishonchli va keng targalgan usullardan
hisoblanadi  [8,9].  Kristall  jismlarning
strukturaviy xususiyatlarini o‘rganishning eng
keng targalgan usullaridan biri rentgen
diffraktsiya  tahlilidir. U kristallarning
strukturaviy tuzilishini o‘rganish, ya’ni kristall
panjara turini va uning parametrlarini aniglash
uchun ishlatilishi mumkin. Agar
o‘rganilayotgan obyekt ko‘p fazali bo‘lsa,
masalan, bir nechta komponentlardan iborat
gotishma, unda har bir fazani aniglash va
gotishmadagi foizini aniglash mumkin [10, 11].
Ushbu ishda biz nikel va temir bilan goplangan
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kremniy namunalarining strukturaviy
xususiyatlarini, shuningdek, nikel, temir va
kislorod kremniy atomlarini o‘z ichiga olgan
turli klasterlar hosil bo‘lish xususiyatlarini
o‘rgandik.

Il. MATERIAL VA USULLAR

Ushbu ishda temir bilan aralashtirilgan
kremniy namunalarining strukturaviy tahlil
natijalari olindi. Tadgigot uchun dastlabki n-
Siix namunalari va diffuziya orgali olingan n-
Si<Fe> namunalari ishlatilgan.  Temirni
kremniyga diffuziya qilish 1300 °C haroratda,
vakuum SOUL-4 da, muhrlangan ampulalarda
amalga oshirilgan, bu yerda vakuum 103-10*
Torr  oraligiida  saglangan. Diffuziya
jarayonining davomiyligi 2 soat bo‘lgan. Eritma
annealizatsiyasidan so‘ng namunalar ikki
usulda  sovutish  jarayonidan o‘tkazildi:
Vsovug=250 °C/s haroratda tez qattiqlashtirish va
Usovuq=0,05°C/ s da sekin sovutish.

Shu bilan birga, gotishmali n-Si<Ni,Fe>
namunalari Chokhralsky usuli bilan o‘stirilgan,
KEF brendiga mansub yagona kristall kremniy
asosida, 0.3 ohm-sm qarshilikda olingan.
Namunalar  10x5x2 mm  o‘lchamdagi
to‘rtburchak parallelepiped shaklida bo‘lib,
HF:HNOs (1:2) eritmasi yordamida kimyoviy
tozalangan. VUP—4 o‘rnatmasi yordamida, har
bir oldindan tayyorlangan kremniy namunasi
uchun vakuum giymati 10* Torr bo‘lgan, 0,4
mikron galinlikdagi nikel atomlari bir tomonga
purkash orgali joylashtirildi. Boshga tomondan,
0,2-0,3 mikron galinlikdagi temir atomlari shu
namunalarga joylashtirilgan. Nikel va temir
atomlarini kremniyda bir vaqtning o‘zida
diffuziya qilish SUOL-4 gorizontal pechida T =
1473 K haroratda 5 soat davomida amalga
oshirilgan. Pechdagi harorat £ 3 K ichida
platina-platina rodium termokupl yordamida
nazorat qilindi. Diffuziya annealingdan so‘ng,
namunalar tez sovutish (vsovug = 200 K/c) bilan
sovutilgan.

Dastlabki
namunalarining

va qotishma  kremniy
strukturaviy  xususiyatlari
rentgen  diffraktsiya  tahlili  yordamida
o‘rganildi. Strukturaviy tadgigotlar uchun
zamonaviy XRD 6100 Shimadzu rentgen
diffraktometri bosgichma-bosqich skanerlash
rejimida CuKa nurlanishidan foydalangan. Bu
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holatda nurlanish to‘Igin uzunligi A=1.15405 A
edi.

1. NATIJALAR
1-rasmda dastlabki n-Si namunasining rentgen
diffraktsiya tahlili natijalari  ko‘rsatilgan.

Rentgen tasvirida ikki aniq cho‘qqi va har xil
intensivlikda ko‘rsatilgan. Ularning eng baland
cho‘qqisi 206=28.39° burchakda kuzatilgan
bo‘lib, bu kristallografik orientatsiyaga ega
kremniyga mos keladi (111). Si(111) cho‘qqi
refleksining yugori intensivligi va tor kengligi

kristall panjaraning  yuqori darajada
mukammalligini  ko‘rsatadi.  Hisob-kitoblar
natijalari shuni ko‘rsatdiki, 26=25.61° da

kuzatilgan refleksda tekisliklararo masofa d
0.347 nm bo‘ladi. Keyingi refleks 16.21°
burchakda kuzatiladi va u silikon bilan kislorod
kompleksi — SiO2 ni anglatadi. Va past
intensivlikka ega eng kichik cho‘qqi 26=14.39°
burchakda kuzatiladi va bu SiC birikmasiga
ishora giladi.
Irel
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1-rasm. Nazorat namunasi n-Si rentgen tasviri.

2-rasmda  n-Si<Fe>  namunasining
rentgen  diffraksiyasi  tahlili natijalari
ko‘rsatilgan.  Ko‘rinib  turibdiki, rentgen

tasvirida eng baland cho‘qqi Si(111) ga to‘g’ri
keladi va u 206=36.42° burchakda kuzatiladi.
Diffuziyadan so‘ng, bu cho‘qqi asl namunadagi
refleksga  nisbatan  yuqoriroq  burchak
giymatlariga siljigan, bu diffuziyadan so‘ng
kremniy matritsa elementining kristall tuzilmasi
deformatsiyalanganini  ko‘rsatadi.  Rentgen
tasviri 20 burchak oralig’ida 22° dan 57° gacha
bo‘lgan bir nechta cho‘qqgilarni ko‘rsatadi, bu
esa kremniy atomlarini, shuningdek, asosiy va
texnologik iflosliklarni o‘z ichiga olgan turli
birikmalarning hosil bo‘lishini  ko‘rsatadi.
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206=22.45° da aniglangan cho‘qqi kremniy
dioksidi natijasidir. Temir silitsidlar FeSi, Fe>Si
va FeSiz bilan bog’liq aks ettirishlar diffraksiya
nagshida topilgan bo‘lib, ular mos ravishda
28.64°, 31.85° va 32.26° burchakda kuzatiladi.
20=39.05° dagi cho‘qqi temir atomlari va
kislorod aralashmasiga mos keladi, Fe;Os.
20=43.84° da kuzatilgan maksimal Fe>SiO3
birikmasiga ishora qiladi. Bundan tashqari,
Fe>Si birikmasi bilan bog’liq cho‘qqgi rentgen
tasvirida 20=47.65° da qayd etiladi. Fe3O4
birikmasiga mos keladigan sezilarli
intensivlikdagi reflekslar 26=51.04° burchakda
kuzatiladi. Eng anig cho‘qgi 26=56.82° bo‘lgan
temir silitsidi — FesSi bilan bog’lig.

Silun)

I —
4

nnnnn

2-rasm. n-Si<Fe> namunasining rentgen tasviri.

Diffuziya termik ishlovdan so‘ng tez
sovutish va vsovuiq=200 K/c yordamida olingan
n-Si<Ni,Fe>  namunalarining  strukturaviy
tadgiqotlari natijalari birikmalarining hajmida
hosil bo‘lishini ko‘rsatdi. Natijalar quyidagicha
tahlil qilindi. Olingan natijalar yordamida
kristalldagi tekisliklar orasidagi  masofani
Vulf-Bragg tenglamasi  yordamida aniglash

mumKkin:
nA=2dsin6 1)
bu yerda: d — tekisliklararo masofa, 0
— Vulf-Bragg burchagi, n — diffraktsiya
maksimumining tartibi, va A = 0.15405 nm —
CuKa- nurlanishining to‘lgin uzunligi.

Turli  tekisliklardagi  kristallitlarning
o‘rtacha hajmi Scherrer formulasi bilan
aniglanadi:

KA
L_Bcosﬂ (2)

bu yerda: K — o‘lchamsiz zarracha
shakli koeffitsienti (Scherrer doimiysi); A =
0.15405 nm — CuK a-nurlanishining to‘lgin
uzunligi; p — yarim balandlik refleksining
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kengligi, 6 — Vulf-Bragg burchagi, L —
kristallitlarning o‘rtacha o‘lchami (nm).

Dastlabki namunaning rentgen tasvirida
fagat ikki strukturaviy aks etish kuzatildi.
Ulardan biri eng kuchli intensivlikda bo‘lib,
20=28.39° burchakda aks ettiriladi, bu Si(111)
ga to‘g’ri keladi.Ushbu akslanishda o‘rtacha
kristallit o‘lchami L va tekisliklararo masofa d
mos ravishda 2.84 nm va 0.628 nm ni tashkil
etadi. Ikkinchi cho‘qqi esa kuchsizroq aks etadi,
u 20 =25.61° burchakda kuzatiladi va SiO2
birikmasiga mos keladi. Kristallitlarning
o‘rtacha o‘lchami va bu aks ettirishdagi
tekisliklararo masofa L=2.55 nm va d=0.347
nm ni tashkil etadi. Strukturaviy chiziglarning
tor kengligi va difraksiya nagshida boshga
cho‘qgilarning yo‘qligi dastlabki namunaning
kristall ~ panjarasining  yuqori  darajada
mukammalligini ko‘rsatadi.

Temir va nikel bilan goplangan kremniy
namunasining rentgen difraksiya namunasi 3-
rasmda ko‘rsatilgan. Rentgen tasviridan
ko‘rinib turibdiki, turli intensivlikdagi bir
nechta strukturaviy aks-sadolar kuzatiladi.
Ularning eng katta cho‘qqisi  kristall
orientatsiyasiga ega monokristallin kremniyga
to‘g‘ri keladi (111) (3-rasm). U 28.83°
burchakda aks ettiriladi va asl namunadagi
refleksga nisbatan Kkattaroq burchakka siljiydi.
Bu kristall panjaraning atomlari ichiga kirib
kelishi natijasida  deformatsiyalanganini
ko‘rsatadi. Bu refleksda L giymati va d giymati
mos ravishda 0.997 nm va 0.619 nm ni tashkil
etadi. Bundan tashqgari, rentgenda temir,
kislorod, fosfor, nikel va matritsa elementining
aralashgan atomlari ishtirokida hosil bo‘lgan
boshga birikmalar ham kuzatilgan. Nikel va
kremniy oksidlarining hosil bo‘lishi ham
kuzatiladi. Temir atomlari va nikel atomlari
tomonidan hosil bo‘lgan birikmalar 44°
burchakda  kuzatilgan. Ushbu  struktura
chizig’idagi o‘rtacha kristallit o‘lchami va
tekisliklar orasidagi masofa L=0.624 nm va
d=1.44 nm ni tashkil etadi. 39.52° burchakda
kuzatilgan aks ettirish FeSi birikmasiga to‘g‘ri
keladi va bu akslanishda L va d giymatlari mos
ravishda 0.769 nm va 1.36 nm ni tashkil etadi.

64.15° burchakda kuzatilgan refleks NizSi
birikmasiga mos keladi va bu refleksda L va d
giymatlari mos ravishda 0.569 nm va 1.161 nm
ni tashkil etadi. Rentgen tasviridan temir-
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kislorod birikmalarining Fe.O4 va FeO shaklida
hosil bo‘lishini ham ko‘rish mumkin. Ushbu
strukturaviy  chiziglar ~ 30-37°  burchak
diapazonida aks etadi. Rentgen past
intensivlikdagi strukturaviy chiziglarni
ko‘rsatadi va ular temir hamda fosfor
birikmalariga mos keladi, ya’ni FeP va FeP
shaklida. Ular mos ravishda 25° va 45°
burchaklarda aks etadi. Yana bir konstruktiv
chiziq 77° burchak yaqinida aks etgan. Kristall
tuzilmalari  ma’lumotlar  bazasi  (COD-
Crystallography Open Database) va adabiyot
ma’lumotlaridan ma’lum  bo‘lishicha, bu

cho‘qqi FesSiz va NiSi> shaklidagi ikki
birikmaga to‘g‘ri keladi.
1rel
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3-rasm. n-Si<Ni,Fe> namunasining rentgen tasviri.
IV. XULOSALAR

Shunday gilib, olingan natijalarga ko‘ra,
kremniyni temir bilan yuqgori haroratda
diffuziya bilan gotishma jarayonida namunalar
hajmidagi  yarimo‘tkazgich ~ materialining
tuzilmasida sezilarli o‘zgarishlar yuz beradi, bu
esa Si matritsa elementining yangi birikmalari,
shuningdek, asosiy va texnologik iflosliklarning
hosil bo‘lishi bilan bog‘lig. Olingan natijalar
natijasida n-Si<Ni,Fe> namunalarida turli
intensivlik va 20 giymatlariga ega bir nechta
birikmalar hosil bo‘lishi aniglandi. Bu
birikmalar nafagat matritsa elementining
atomlari va atomlarining birikmalari, balki
kislorod birikmalari bo‘lib, o‘zaro aralashgan
atomlari va atomlar  birikmalari  ham
hisoblanadi. Hosil bo‘lgan birikmalar orasida,
Fe atomlariga ega fosfor atomlarining
birikmalari ham kuzatiladi.
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Yarimo‘tkazgichli materialning birinchi Landau sathini vaqt bo‘yicha
o‘zgarish dinamikasi

Ulug‘bek Mirzobahrom o‘g‘li Negmatov?.
INamangan davlat texnika universiteti, O’zbekiston, Namangan shaxri, |.Karimov shox-ko’chasi, 12-uy.
160100

2025-yil 25-noyabrda berilgan; 2025-yil 2-dekabrda chop etish uchun gabul gilingan.

Annotatsiya. Ishda kuchsiz o‘zgaruvchan magnit maydoni ta’sirida kvant o‘rali yarimo‘tkazgich
tuzilmalarda Landauning birinchi diskret sathining o‘zgarish dinamikasi nazariy jihatdan tadqiq etilgan.
Zaryad tashuvchi zarralarning samarali massasi kichik bo‘lgan nanostrukturali yarimo‘tkazgich larda
Landauning diskret energetik sathlari fagat kuchli statik magnit maydonlari va past haroratlar sharoitida
emas, balki xona haroratlarda ham kuchsiz magnit maydonlarida shakllanishi mumkinligi ko‘rsatilgan.
Analitik yondashuv asosida magnit maydonining sinusoidal modulyatsiyasida Landauning birinchi sathi
energiyasining vaqgtga bog’ligligi va uning o‘zgarish tezligi uchun ifodalar olingan. Diskret sathlarning
o‘zgarish tezligi fagat dinamik magnit maydoni amplitudasi va Landau sathining tartib ragami bilan
aniglanishi, hamda kvant o‘ra galinligi va o‘lchamli kvantlanish kvantlanish ragamiga bog’ligligi aniglangan.
Sonli tahlil o‘tkazilib, energetik sathlarning vaqgt bo‘yicha evolyutsiyasi qurilgan bo‘lib, ular
ostsillyatsiyalarning garmonik xarakterini namoyish etgan. Olingan natijalar kichik o‘lchamli yarimo‘tkazgich
tizimlar fizikasi uchun gizigarli bo‘lib, kuchsiz dinamik magnit maydonlarida kvant ostsillyatsion effektlarni
modellashtirishda, jumladan mikro- va nanoelektronika, spintronika hamda biomagnit go‘llanmalarda
foydalanilishi mumekin..

Kalit so‘zlar: : kvant o‘ra; Landau sathlari; dinamik magnit maydon; kuchsiz magnit maydoni; kvant
ostsillyatsiyalari; energetik spektr; nanostrukturali yarimo‘tkazgich lar; fazaviy portret.

AHHoTauua: B paboTe TeopeTmyeckn nccnegoBaHa AMHaAMMKa U3MEHEHWUSI NepBOro ANCKPETHOrO
ypoBHA JlaHgay B KBaHTOBO-SAIMHbIX MOMyMNPOBOAHUKOBBIX CTPYKTypax Mpu Bo3gencTeBum cnaboro
nepemMeHHoOro MarHuTHoro nons. NokasaHo, YTO B HAHOCTPYKTYPUPOBAHHLIX NOSYNPOBOAHNKAaX C Manoun
3(P(PEKTMBHOM MacCcoOl HOcUTENen 3apsda LOUCKPEeTHble 3HepreTudeckne ypoBHu JlaHgay MoryT
dopMUPOBATLCSA HE TOMNBKO B YCMOBUAX CUIbHbBIX CTaTUYECKUX MarHUTHbLIX NOMNen U HA3KUX Temnepartyp,
HO M MpM KOMHaTHbIX TeMnepaTypax B cnabbix MarHMTHbIX Nonsix. Ha ocHoBe aHanuTM4yeckoro nogxoaa
nomnyYeHbl BbIpaXKeHWUs1 ANs BPEMEHHOW 3aBMCUMOCTW 3Heprum nepeoro ypoBHs JlaHgay u ckopoctu eé
N3MEHEHNst NPY CUHycoMaanbHOM MOAYNALUN MarHUTHOIO Nons. YCTaHOBMEHO, YTO CKOPOCTb U3MEHEHMS
AVCKPETHbIX YPOBHEN ONpeaensieTcs UCKMYUTENbHO aMnnNnTyaon AMHaMUYECKOro MarHUTHOMO Morns u
nopsigKoBbIM HOMEPOM YpPOBHS JlaHgay v He 3aBUCUT OT TOMLWUHBI KBAHTOBOW SIMbl U KBAHTOBbLIX Yncen
pasMepHOro KBaHToBaHuA. [MpoBeAEH YMCHEHHBIN aHann3 u NOCTPOEHbI rpadduKkM BpEMEHHON 3BOMOLUK
SHEpPreTM4eCcKUX ypoBHEN U X NPOU3BOAHbIX, AEMOHCTPUPYIOLLME FAPMOHNYECKUA XapaKTep OCLUIIALNNA.
lMony4yeHHble pesynbTaTbl NPeACTaBNAT UHTEpeC ANA OU3NKM HU3KOpa3MEepPHbIX MOyrnpoOBOAHUKOBbLIX
cucTteM M MOryT OblTb MCMOMb30BaHbl NPU MOAENMPOBAHNM KBAHTOBBLIX OCUMUMNNALUMOHHBLIX 3h(EKTOB B
cnabbiX OMHAMWYECKMX MarHWTHbIX MOMsAX, B TOM 4uCre B 3ajadax MWKPO- WM HAHOINEKTPOHMKM,
CMUHTPOHUKN 1 BMOMArHUTHBIX MPUNOXEHWUNA.

KnroueBble cnoBa: kBaHTOBas AMa; ypoBHW JlaHgay; AMHaMmMyeckoe MarHutHoe none; cnaboe
MarHUTHOe TMofe; KBaHTOBble OCUMMMALMK; 3HEPreTUYECKUn ChekTp; HaHOCTPYKTYPMPOBAaHHbIE
NnonynpoBOAHWKW; pa3oBbIN MOPTPET.

Annotation. The work presents a theoretical investigation of the dynamics of variation of the first
discrete Landau level in quantum-well semiconductor structures under the action of a weak alternating
magnetic field. It is shown that in nanostructured semiconductors with a small effective mass of charge
carriers, discrete Landau energy levels can form not only under strong static magnetic fields and low
temperatures, but also at room temperature in weak magnetic fields. Within an analytical approach,
expressions are derived for the time dependence of the energy of the first Landau level and for the rate of
its change under sinusoidal modulation of the magnetic field. It is established that the rate of change of the
discrete levels is determined exclusively by the amplitude of the dynamic magnetic field and the Landau
level index, and does not depend on the quantum-well thickness or on the quantum numbers of size
quantization. A numerical analysis is performed, and plots of the temporal evolution of the energy levels
and their derivatives are constructed, demonstrating the harmonic nature of the oscillations. The obtained
results are of interest for the physics of low-dimensional semiconductor systems and can be used in
modeling quantum oscillatory effects in weak dynamic magnetic fields, including applications in micro- and
nanoelectronics, spintronics, and biomagnetic systems..

Key words: quantum well; Landau levels; dynamic magnetic field; weak magnetic field; quantum
oscillations; energy spectrum; nanostructured semiconductors; phase portrait.
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Kirish

Ma’lumki, statik kvantlovchi magnit
maydoning kvant o‘rani ruxsat etilgan zonasiga
ta’siri natijasida o‘tkazuvchan va valent
zonadagi zaryad tashuvchilarining energetik
spektrlarini tubdan o°zgarishiga olib keladi. Bu

esa, diskret Landau sathlarini hosil bo’lishidan
[1, 2, 3] dalolat beradi. Statik ko’ndalang kuchli

magnit maydoni (Bl Z) kvant o‘raga
ta’siridan  erkin elektronning energiyasi
quyidagicha aniglanadi:
E =(N 1)heB wh? (1)
= (Nt s

Bunda, N, — diskret Landau sathlarining soni, B
— statik kuchli magnit maydonning induksiyasi,
d — kvant o‘ra galinligi, m* - elektron effektiv
massiasi, n, — o‘lchamli kvantlanish tartib
ragami, A - plank doimiysi.

(1) ifodadan ko‘rinib turibdiki, OXY
tekisligida (N, + %)h% diskret energetik

2

—nZ olchamli
2m*d
kvant sathlar hosil bo‘lmoqda. Bu esa, erkin
elektronlarning har tomonlama kvantlanishiga
olib kelmoqgda. Xuddiki, elektron harakati
kvant nuqta analogiyasiga o‘tmoqda. Bunday

diskret energetik sathlar juda past haroratlarda
namoyon bo‘ladi. Sababi, kT « hfn—i sharti

bajarishi kerak. Lekin, shunday nanostrukturali
yarimo ‘tkazgichlar borki, yuqori haroratlar va
statik kuchsiz magnit maydonlarda ham diskret
energetik sathlar hosil bo‘ladi. Masalan, [5,6,7]
ishlarda CdByF,_, /p—CdF,—QW/
CdB,F,_, kabi kvant o‘rali yarimo‘tkazgichli
materiallarda  magnitosingdiruvchanlik  va
magnitogarshilik ossillyatsiyalari T =
280K ~340K va B =25mTl-+ 100 mTl
oraliglarida  kuzatilgan.  Buni  sababini
quyidagicha tushuntirish mumkin:
Tajribalardan ma’lum bo’ldiki [6,7], p — CdF,
kvant o‘rali materiallari uchun elektronini
effektiv massasi m* ~ 10~*m, munosabatda
topildi. Chunki, p — CdF, kvant o‘raning
tagiqlangan zonasi juda ham kichik bo‘lib, juda

tor zona hisoblanadi. U holda A ;—i dan ko’rinib

turibdiki, hw, statik magnit maydon energiyasi
(kT) kattaroq bo‘lishi uchun, B-ni giymati mT

sathlar, OZ o‘qida esa
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atrofida o‘zgarishi yetarli. Bundan kelib
chigadiki, ushbu kvant o‘rali materiallar yugori
haroratlardan ham (hatto xona haroratidan
yuqgori), hw, > kT  sharti bajarilmoqda.
Demak, kuchsiz statik magnit maydonlarda
ham diskret Landau sathlari hosil bo‘lmoqda.
Xulosa qilib aytish mumkinki, kuchsiz statik
magnit (mTI) maydonlarida ham kvant
ossillyatsiya jarayonlari paydo bo‘lar ekan.

Endi, boshqa bir masalani ko‘rib
chigaylik.  Aksariyat  dinamik  magnit
maydonlarni tibbiyot yoki biologik obyektlarga
ta’siri aniqlanganda, asosan kuchsiz maydonlar
(mT1I) yetarli bo‘ladi. Aniqroq qilib aytadigan
bo‘lsak, kuchsiz dinamik magnit maydonlar
ta’sir etganda, ushbu bio obyektlarning
xususiyatlari o‘zgaradi. Shu bilan birga,
kuchsiz o‘zgaruvchi magnit maydonlarni
vaqtga  bog‘ligligi  dinamik  tizimlarni
aniglashga qulay usulidir. Bularning barchasi
tajribalar asosida olingan faktlarga tayanadi.

Tabiiy savol tug‘iladi: [3,8] ishlarda
keltirilgan ~ nanostrukturali ~ materiallarga
kuchsiz dinamik magnit maydon ta’sir etganda,
erkin elektronlarning energetik spektri ganday
hisoblanadi? E, (B(t)) dan kvant o‘raning
ruxsat etilgan zonasidagi erkin elektron
energetik spektrini fazaviy portreti ganday hosil
bo‘ladi?

Keling, endi kuchsiz dinamik magnit
maydondagi kvant o‘raning ruxsat etilgan
zonasidagi  erkin elektronlarni  energetik
spektrini  o‘zgarishini  ko’rib  chiqaylik.
O‘zgaruvchan magnit maydon induksiyasini
vaqt  bo‘yicha  o‘zgarishini  qo‘yidagi
sinusoidadan gonuniyatga asoslanib, taklif
etaylik:

B = By,(1 + sin(w,t)), )
bunda, B, - dinamik magnit maydon
induksiyasining amplituda giymati, @ -
o‘zgaruvchan magnit maydonning siklotron
chastotasi, t — dinamik maydonning kvant
o‘raga ta’sir etish vaqti.

[4, 8] ishlarda, tajribalar o‘tkazish
jarayonida o‘zgaruvchan kuchsiz magnit
maydonlarining chastotasini 10 Hz dan 1 000
Hz gacha, ta’sir ettirish vagti esa 10 s dan 50
s gacha bo’lgan. U xolda, (2) nmi (1) ga
qo‘yishimiz natijasida:

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 4. 2025



PHYSICS

E,(B(t),d, Ny, n,) = (NL 4 l) .

2 3)
" eBo(1 +sin(wct)) = m?h*
m* 2m*d? Nz

ega bo‘lamiz.

(3) ifoda, kuchsiz dinamik magnit
maydonning kvant o‘radagi erkin
elektronlarning diskret energetik sathlariga
bog‘ligligini anglatadi.

Dinamik magnit maydonda vaqt o‘tishi
bilan magnit maydon induksiyasi sinusoidal
o‘zgarishi (2) dan ma’lum bo‘lmoqda. Bu esa,
0°‘z navbatida (3) dan ham ko‘rinib turibdiki,
kvant o‘raning ruxsat etilgan zonalardagi
diskret energetik sathlar vaqtga kuchli bog‘liq
bo‘lmoqda, ya’ni E,(t) sinusoidal
o‘zgarmoqda. Endi, (3) dan, vaqt bo‘yicha
hosila olib, E,-ni o‘zgarish tezligini ko‘rib
chigaylik. U holda, differensiyalash goidasiga
binoan, quyidagi kelib chigadi:

dEn(@ctND) _ 1).
dt = @ (NL+2
p &Bocos(@ct)

(4)

m* ’

(4) ifodadan ko‘rinib turibdiki, diskret
energetik sathlarni o‘zgarish tezligi ddi:
dinamik magnit maydon
induksiyasining amplituda qiymatiga
va Landau sathlari soniga bog‘liq
bo‘lmoqda. Lekin, kvant o‘raning
qalinligi d va o‘lchamli kvantlar soni n,
ning o‘zgarish ddit” ga umuman ta’sir

fizik  ma’nosi

252

quyidagicha tushuntiriladi: %nz,
(n, = 1) ning qiymati kuchsiz dinamik
magnit maydon energiyasiga nisbatan
ko‘p marta kattaradi, ya’ni:

etmayapti.  Buni

242

n°h 1 eB
an(nz = 1) > (NL +E)hm . (5)

*

(5) dan ko‘rinib turibdiki, kuchsiz
dinamik magnit maydon hosil gilgan har bir
diskret Landau sathlari kvant o‘raning (nz = 1)
birinchi o‘lchamli sathiga nisbatan juda yaqin
joylashgan bo‘ladi. (E, (n, = 1) ning shipida
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bo‘ladi). Xulosa qilib, aytish mumkinki,
fagatgina bizning hisobimiz uchun n, = 1 ni
o‘zi yetarli (ya’ni, E,, = const).

Xulosa:

1. Kvant o‘rali yarimo‘tkazgichlarning
diskret energetik sathlarining o‘zgarish tezligi
%’1 faqatgina o‘zgaruvchan kuchsiz magnit
maydon induksiyasining amplituda giymatiga
va Landau sathlari tartib ragamiga bog‘liq
bo‘lishi isbotlandi.

2. Statik magnit maydon va dinamik
kuchsiz magnit maydonlardagi kvant o‘rali
yarimo ‘tkazgichlarning o‘tkazuvchanlik
zonasidagi birinchi Landau sathining vaqt

bo‘yicha o‘zgarishlarini dinamikasi
solishtirildi.  Natijada, kvant  o‘raning
o‘tkazuvchanlik zonasidagi erkin

elektronlarning energiyasidan birinchi tartibli
hosilasi %" eng yugori amplitudali garmonik
tebranma harakat qgilishi asoslab berildi.

3. Kvant o‘rali  yarimo‘tkazgichning
diskret Landau sathlarini vaqt bo‘yicha

o‘zgarish tezligi ZEnBE) - dinamik kuchsiz

o‘zgaruvchan magnit maydon induksiyasining
amplitudasiga kuchli bog‘liq bo‘lib, u katta

energiyalar intervalida, LEnBWO) garmonik

tebranma  harakat amplitudasini  keskin
oshishiga sabab bo‘lishi aniqlandi.
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ISSIQLIK ISHLOVI REJIMLARIGA BOG‘LIQ HOLDA p-TIP KREMNIY
MONOKRISTALLARIDA KISLORODLI KOMPLEKSLAR, KLASTERLAR
VA MIKROKUCHLANISHLARNING XRD TAHLILI

B.M. Ergashev
Andijon davlat pedagogika instituti, O‘zbekiston, 170100, Andijon shahri, Do'stlik ko‘chasi, 4-uy

2025-yil 4-dekabrda gabul gilingan; 2025-yil 28-dekabrda nashr gilingan

Annotatsiya. Ushbu magolada Choxralskiy usulida o'stirilgan p-Si<B> monokristallarida 5 soat
davomida 950°C, 1050°C va 1150°C haroratlarda berilgan issiglik ishlovlarining kislorodli tuzilmaviy
nomuvofigliklar, mikrokuchlanishlar hamda fazaviy o‘zgarishlarga ta’siri Empyrean Malvern rentgen
difraktometri yordamida o‘rganildi. XRD natijalari (111)si akslanishining kichik burchaklar tomonga siljishi
va panjara doimiysining ortishini, shuningdek (222)si akslanishining paydo bo‘lishi orgali mikrokuchlanishlar
kuchayishini ko‘rsatdi. Rentgenogrammalarda SiO, va SiOx klasterlari (2 nm atrofida), SiO, kristallitlari (21—
25 nm), B,O; (565 nm) hamda SiBs nanokristallitlari (71-95 nm) fazalari aniglanib, ularning shakllanishi
issiglik ishlovi harorati bilan bog'ligligi asoslandi.

Kalit sof‘zlar: Choxralskiy usuli; issiglik ishlovi; kislorodli nugsonlar; rentgenodifraksion tabhlil;
mikrokuchlanishlar; SiO, fazasi; SiOx klasterlari; subkristallitlar; SiB¢ nanokristallitlari.

AHHoOTas. B ctatbe nccnegosaHo BnusHue tepmoobpabdotku npun 950°C, 1050°C n 1150°C B TeueHne
5 vyacoB Ha KkucrnopogcogepXalmue CTPYKTypHble HECOOTBETCTBMS, MuKpogedopmaumm u asoBble
npeBpaLleHns B MOHOKpUCTannax p-Si<B>, BblpaLLeHHbIX MeToaoM Yoxpanbckoro.
PeHTreHoandpakumoHHble n3MepeHna Ha pgudpaktometpe Empyrean Malvern nokasanu cmelleHue
oTpaxeHust (111)si B CTOPOHY MEHbLUMX YITIOB U YBENUYEHNE NapaMeTpa PeLlETKn, a Takke NosiBNeHue
oTpaxeHuns (222)si, ceBugeTenbcTByollee 06 yCUNEeHUM MUKPOKPMBU3HBI U NOKaNbHbIX MEXaHU4eCKMX
HanpsbkeHun. B andpaktorpammax ngeHtudurumposaHsl asbl SiO, n SiOx B Buge knactepos (~2 HM),
kpuctannutoB SiO, (21-25 Hm), B,O3 (=55 HM) 1 HaHokpucTannmToB SiBg (71-95 HM), dhopmupoBaHue
KOTOpPbIX 3aBUCUT OT TeMnepaTypbl TEpMO0OOpaboTKu.

KnioueBble cnoBa: meton Yoxpanbckoro; TepMoobpaboTka; kucnopoacogepxawine nedekTbl;
peHTreHoaMdpakUMOHHbBIA aHanus; mukpogedopmMauun; dasa SiO,; knactepbl SiOx; cyGkpucTannuThl;
HaHokpuctannuTbl SiBe.

Abstract. This paper investigates the effect of 5 h thermal treatments at 950°C, 1050°C, and 1150°C
on oxygen-related structural mismatches, microstrain, and phase evolution in Czochralski-grown p-Si<B>
single crystals. X-ray diffraction measurements performed using an Empyrean Malvern diffractometer
reveal a shift of the (111)si reflection toward lower angles and an increase in the lattice parameter, while
the appearance of the (222)si reflection indicates enhanced microstrain and local stress fields. The XRD
patterns identify oxygen-containing phases including SiO, and SiOx as small clusters (~2 nm), SiO,
crystallites (21-25 nm), B,O; crystallites (~55 nm), and SiBg nanocrystallites (71-95 nm), demonstrating a
clear dependence of their formation and structural evolution on the annealing temperature.

Keywords: Czochralski method; thermal treatment; oxygen-related defects; X-ray diffraction analysis;
microstrain; SiO, phase; SiOx clusters; subcrystallites; SiBs nanocrystallites.

I. KIRISH. Zamonaviy nanoelektronika va bo‘lishiga, zaryad tashuvchilarning yashash vaqti
mikroelektronika texnologiyalarining jadal hamda diffuziya jarayonlarining o‘zgarishiga olib
rivojlanishi yuqori tozalik va mukammal kristall keladi. Shu sababli, issiglik ishlovi sharoitlarida p-
tuzilishga ega bo‘lgan yarimo‘tkazgich tip kremniy monokristallarida kislorod bilan bog‘liq
materiallarini olish muammosi bilan bevosita tuzilmaviy nomuvofigliklarning shakllanish
bog‘liqdir. Ushbu sohada monokristall kremniy eng mexanizmlarini rentgenodifraksion usullar
muhim va keng qo‘llaniladigan materiallardan biri yordamida chuqur o‘rganish nanoelektronika
bo‘lib, uning fizik-ximik hamda elektr xususiyatlari qurilmalari uchun yuqori sifatli kremniy asoslarini
kristall panjaradagi fon Kkirishmalar, aynigsa yaratishda muhim ilmiy va amaliy ahamiyatga
kislorod atomlarining mavjudligi va ularning ega[l1-3].

tu2|lmaV|y_ holati _bllan ‘k(e_sI§|n belgllanaQL Il MATERIAL VA USULLAR

Choxralskiy usulida  ofstirilgan  kremniy

kristallarida yuqori haroratli jarayonlar ta’sirida Kremniy yuqori haroratda erigan holatdan
kislorodli komplekslar, klasterlar va ikkilamchi kristalllanish ~ jarayonida  ortigcha  miqdorda
fazalarning shakllanishi mikrokuchlanishlar paydo kislorodni singdiradi va uning bir gismi SiOx
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oksidlarini hosil qilib, kristall hajmida bir tekis
tagsimlanadi. Bu oksidlarning konsentrasiyasi ~107
sm3 gacha etishi mumkin. Shuningdek, Choxralskiy
usulida o‘stirilgan krenmiy kristalli 400-800 °C
haroratda > 1 soat davomida ushlab turilganda,
kislorodning ortigcha miqgdori Si-Ox (x=1+4)
turdagi komplekslarni hosil qgiladi. Masalan, SiOa
komplekslari parchalanib, erkin kislorod ajralib
chigadi va kremniy atomlari tomonidan SiO:
shaklida bog‘lanadi[4]. Biroq, SiO: ning kristall
hajmida  to‘planishi ~ mikronugsonlar  paydo
bo‘lishiga olib keladi, bu esa asosiy bo‘lmagan
zaryad tashuvchilarning  yashash vagtini
gisgarishiga va kremniyning xususiyatlarining
o‘zgarishiga sabab bo‘lishi mumkin.

Dastlabki material sifatida Choxralskiy usulida
o‘stirilgan, 5 Omxsm solishtirama qarshilikka
hamda p-tur o°‘tkazuvchanlikka ega bo‘lgan
monokristall kremniydan tayyorlangan 1x10x10
mm?® o‘lchamdagi namunalardan foydalanildi.
Choxralskiy usulida monokristall  kremniyni
o‘stirishning asosiy kamchiliklaridan biri — olingan
kristalllarda kislorod va uglerod atomlari kabi fon
kirishmalarning yuqori miqdorda bo‘lishi bo‘lib,
ularning konsentrasiyasi mos ravishda 2x10® sm
va 5 x 10 sm=gacha etadi. Fon kirishmalari orasida
kremniyda kislorod atomlarining mavjudligi
muammosi ko‘p yillar davomida dolzarb bo‘lib
golmoqda[5].

Tadgiqg gilingan namunalarning tuzilmaviy va
fazaviy holatlarini nazorat gilish Empyrean Malvern
rentgen difraktometri yordamida amalga oshirildi.
Tuzilmaviy cho‘qqgining maksimal qiymatini
aniglash uchun OriginPro2022 dasturi foydalanildi.
Rentgenodifraksion o‘lchovlar Bregg-Brentano
geometriyasida o‘tkazilib, tarqalish burchi 26B =
10° + 120° bo‘lgan diapazonda uzluksiz skanerlash
tezligi 1 gradus/min etib belgilandi. Burchak gadami
esa 0,02 gradus etib olindi[6].

l-rasmda mos ravishda 5 soat mobaynida
950°C, 1050°C va 1150°C haroratlarda issiglik
ishlovlari berilgan monokristall p-Si<B> (nazorat
namunalarining) rentgengrammalari  keltirilgan.
Rasmdan rentgenogrammalarning 26 = 28,53°,
28,5° va 28,45° sochilish burchaklarida (111)s;
kristallografik  yo‘nalishga mansub tanlanma
tabiatga ega yuqori intensivlikdagi (Is; ©soec)=3 x10°
imp/s, |Si,(1050°C) =4 7% 106 imp/s va
Isii150°c)=1,4*106 imp/s) difraksion akslanishlar
kuzatilgan. Bu holat Si nazorat namunasining sirti
(111)  kristallografik ~ yo‘nalishga  tegishli
ekanligidan dalolat beradi. Shuningdek, mazkur
akslanishlar harorat ortishi bilan kichik burchaklar
tomon (28,53° dan 28,45° gacha) siljigani va
ularning intensivligi avval 1,6 marta oshgani,
so‘ngra esa 2,1 marta kamaygani ham kuzatilgan.
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Bu, o‘znavbatida, 5 soat mobaynida 950°C, 1050°C
va 1150°C haroratlardagi issiqlik ishlovlari ta’sirida
kristalldagi nugsonlar yoki atomlarning gayta
tagsimlanishi  natijasida panjara doimiysining
(asi©50°c=0,534 nm, asi050°c)=0,535 nm va
asi1150°¢)=0,536 nm) ortib borishini va kristallik
darajasi 1050°C da ortgani, 1150°C da esa
kamayganini  ko‘rsatadi. = Bundan  tashqari,
rentgenogrammalarning 20 = 94,95°, 94,94° va
94,98° sochilish burchaklarida uchinchi tartibli
(333)si kristallografik yo‘nalishga mansub yuqori
intensivlikdagi (|Si,(950°C):2,3 x 104 imp/s,
Isi1050°)=4,5%10° imp/s va Isiqa150°0=8,9%10*
imp/s) difraksion akslanishlar ham kuzatilgan.
Shuningdek, 10°+60° burchakli sochilish oralig‘ida
noelastik fon sathining nomonoton xarekteri, (111)si
tuzilmaviy akslanishlarining o va o2 nurlanishli
tashkillovchilarga sezilarsiz  ajralishi, (333)si
tuzilmaviy akslanishlarining esa ou va oz nurlanishli
tashkillovchilarga yaqgqol ajralishi ham kuzatilgan.
Bu, o‘z navbatida, 950°C, 1050°C va 1150°C
haroratlardagi issiglik ishlovlari ta’sirida kristall
panjarasidagi mikrokuchlanishlar (dis-lokasiya yoki
boshga nugsonlar) namunalarning sirtiy sohalarida
shakllanganini, hajm bo‘ylab esa barqarorlashganini
ko‘rsatadi. Bundan tashqari,
rentgenogrammalarning 20 = 25,7° va 20 = 83,3°
burchakli sochilishlarida birinchi tartibli (111)Si va
uchinchi tartibli  (333)si akslanishlarining [-
tashkillovchilari ham kuzatilgan 2-a va 2-c
rasmlarga garang).

Birinchi  tartibli (111)si akslanishlarning
eksperimental natijalariga ko‘ra, 5 soat mobaynida
950°C, 1050°C va 1150°C haroratlarda issiqglik
ishlovi berilgan kremniy nazorat namunalarini
tashkil etuvchi subkristallitlarning o‘lchamlari mos
ravishda 59,7 nm, 61,1 nm va 57,4 nmga teng
ekanligi aniqlandi. Bu esa, o‘z navbatida, 950°C

haroratda nisbatan quyi diffuziya tufayli
subkristallitlarning  holati  sezilarli ~ darajada
0°‘zgarmaganini, 1050°C  haroratda  qayta

kristalllanish jarayoni yuz berishi natijasida ularning
o‘lchami ortib, yiriklashganini hamda 1150°C
haroratda subkristallitlarning yo‘qolishi va qayta
shakllanish jarayonlari faollashishi tufayli ularning
o‘lchami kamayganini ko‘rsatadi. Shuningdek,
rentgenogrammalarning 26 = 63,2° va 105,1°
sochilish burchaklarida (220)si va (440)si tuzilmaviy
akslanishlari ham kuzatilgan (2 ¢ va 2 d-rasmlarga
garang), bu esa p-Si namunalarining sirtida va
hajmida turli (11 nm dan 87 nm gacha) o‘lchamli
polikristall sohalar mavjudligidan dalolat beradi.
Bundan tashgqari, 5 soat mobaynida 950°C, 1050°C
va 1150°C haroratlarda issiqlik ishlovi berilgan
kremniy nazorat namunalari
rentgenogrammalarining 20 = 58,8°, 59,0° va 58,9°

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 4. 2025



PHYSICS

sochilish  burchaklarida (222)Si kristallografik
orientasiyasiga mansub tuzilmaviy akslanish ham
kuzatilgan (2 c-rasmga garang). Odatda bunday
tuzilmaviy akslanish  kristall panjarasi turli
mikrokuchlanishlardan xoli bo‘lgan kremniyning
rentgenogrammasida kuzatilmaydi, ya’ni bunday
akslanishlarning namoyon bo‘lishi  p-Si<B>
namunalar kristall panjarasida mikrokuchlanishlar
mavjudligidan dalolat beradi[7].

Bunday mikrokuchlanishlar migdorini aniglash
imkoni mavjud bo‘lib, buning uchun (222)s; turidagi
tuzilmaviy akslanish intensivligining asosiy (111)s;
turidagi akslanish intensivligiga nisbati (1222)/1111))
hisoblanadi. Bizning holatda bu nisbat mos ravishda
3,8x10*%, 5,4x10* va 6,5x10* ga teng bo‘lib, bu
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atomlarning tekis tagsimlanishiga muvofiq) katta
hisoblanadi.

Bu esa, o‘z navbatida, issiglik ishlovlari
haroratining ortishi natijasida kremniy kristall
panjarasida fon kirishmalaridan kelib chiggan
kislorodning notekis tagsimlanishi tufayli kristall
panjaraning  mahalliy  sohalarida  mexanik
kuchlanishlar ortayotganidan dalolat beradi. Bu
holat, ehtimol, kremniy va kislorod atomlari ion
radiuslarining farqlanishi bilan bog‘liq, shuningdek,
kristall o°sishi jarayonida harorat gradienti ta’sirida
yuzaga kelgan Kkichik kuchlanishlarga tegishli
bo‘lishi mumkin[8].

giymatlar ideal holatdagidan (10* darajasida,
olmossimon  tuzilmalar  kristall  panjarasida
3.8010°
- - 1 ; 2.8510"
! . 1.9010°
9.5010°
-7-., - pNi<B> 950 °C
= 7 -
5 . &
;:: __ S 4 L PSi<B> 10507(
2
E A p-Si<B> 11507¢C

20 40 60 S0

26.(")

100 120

1-rasm. 950°C, 1050°C va 1150°C haroratlarda issiqlik ishlovi berilgan p-Si<B> namunacining rentgenogrammalari.

Kislorod atomlari ion radiusining fargi tufayli
chegaraviy sohalar kristall panjarasi va kremniy
subkristallitlari bo‘linish chegaralaridagi siljigan
tugunlarga joylashib, kremniyning to‘yinmagan
bog‘larini to‘ldiradi. Bu, o‘z navbatida, kristallit
hajmida asosan kremniy atomlari joylashganligini
va kristall tuzilmasining yuqori simmetriyaga ega
ekanligini hamda kislorod atomlari subkristallitlar
bo‘linish chegaralarida o0°z-o‘zidan asimmetrik
kristallitlar hosil gilishi mumkinligini ko‘rsatadi[9].

Yuqoridagi mulohazani tasdig‘i sifatida p-Si
rentgenogrammalarining 260 = 20,2°, 20 = 39,1°, 20
= 42,6° 20 = 90,8° va 20 = 91,9° burchakli
sochilishlarida mos ravishda (100), (102), (200),
(400) va (401) kristallografik orientasiyalarga
mansub SiO: fazasiga tegishli bo‘lgan tuzilmaviy
akslanishlar kuzatilgan (2 a va 2 c-rasmlarga
garang). Shuningdek, mazkur akslanishlarning
yarimkengliklari (FWHM = 5,7x10% + 7,1x107 rad)
giymatlari ularning kremniy va kislorod atomlari
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ishtirokida 21+25 nm o‘lchamli kristallitlarni
shakllantirayotganidan dalolat beradi. Bundan

tashgari, ushbu tuzilmaviy akslanishlarning
eksperimental giymatlarini gayta ishlab chiqib,
tahlil qilish orqali SiO. kristallitlarining kristall
panjara doimiylari mos ravishda acp = bexp = 0,5031
nm va cp = 0,5527 nm ekanligi hamda ularning
P3221 fazoviy guruhiga mansub trigonal elementar
katakchalardan tashkil topganligi  aniglandi.
Shuningdek, p-Si rentgenogrammasining 26
23,0°+23,6° burchakli sochilishlarida kremniyda

120004 & =
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fon kirishmalaridan bo‘lgan bor va Kkislorod
atomlarining birikishi natijasida (100)
kristallografik orientasiyaga mansub ikki tarkibli
B:Os fazasiga tegishli tuzilmaviy akslanish ham
kuzatilgan (2a-rasmga garang). Ushbu
akslanishning eksperimental giymatlari yordamida
P3221 fazoviy guruhiga mansub bo‘lgan, panjara
doimiylari axp = bexp = 0,4415 nm va cexp = 0,8812
nm bo‘lgan trigonal elementar katakchalardan

tashkil topgan 55 nm oflchamli kristallitlar
mavjudligi ham aniglandi.
140004 b 2
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2-rasm. p-Si<B> namunasi rentgenogrammasida noelastikfon sathining kichik, o‘rta va katta sochilish
burchaklaridagi o‘zgarishi hamda kuzatilgan tuzilmaviy akslarning shakli.

5 soat mobaynida 950°C, 1050°C va
1150°C haroratlarda issiglik ishlovi berilgan
kremniy nazorat namunalarining rentgenogrammasi
kichik burchakli (26 = 13°) sochilishlarda SiOx ga
tegishli diffuziyaviy akslanishlarni ko‘rsatdi (2 a-
rasmga  garang). Ushbu akslanishlarning
yarimkengliklari (FWHM 950°C = 7,2x10? rad,
FWHM1050°C = 8,7x10 rad va FWHM 1150°C
°C = 8,4x10? rad) tahlili bo‘yicha ular kristallit

ko‘rinishiga balki kichik o‘lchamli
fragmentlarga, ya'ni mos ravishda 2 nm, 1,6 nm va
1,7 nm ga teng bo‘lgan klasterlarga ega ekanligi
aniglandi. Bunday klasterlar asosan kremniy sirtiga
yaqin sohalarda hosil bo‘lib, kremniy atomlari
o‘rtasida to‘yinmagan bog‘lanishlar mavjudligini
hamda kichik o‘lchamlari kremniy va kislorod
atomlari  joylashuvida uzoq masofali tartib

yo‘gligini ko‘rsatadi. Shuning uchun bunday

emas,
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fragmentlar nanokristallitlar emas, balki klasterlar
deb ataladi. Bundan tashgari, ushbu klasterlar
950°C, 1050°C va 1150°C haroratlarda issiglik
ishlovi berilgan kremniy nazorat namunalarining
turli sohalarida gisman shakllanganligi sababli,
mazkur rentgenogrammalarning kichik, o‘rta va
yugori burchakli sochilishlarida noelastik fonning
turlicha o‘zgarishini ham kuzatish mumkin. Bu esa
0°‘z navbatida kremniy kristall panjarasida kirishma
mikrobuzilishlar ~ shakllanayotganidan  dalolat
beradi. p-Si<B> namunasi rentgenogrammalar-
ining 26=30,8° burchakli sochilishlarida (110)
kristallografik ~ orientasiyaga  mansub  SiBs
(geksaborid kremniy) fazasiga tegishli bo‘lgan
tuzilmaviy akslanish ham kuzatildi (2 b-rasmga
garang). Bu akslanish panjara doimiylari acp = bexp
= Cup 0,4156 nm bo‘lgan kub shaklidagi
elementar katakchalardan tashkil topgan 75 nm, 71
nm va 95 nm o‘lchamli nanokristallitlarga tegishli
ekanligi aniglandi [10]. Bu esa, o‘z navbatida,
issiglik ishlovi natijasida 950°C da kristallitlar
shakllanib o‘sishi, 1050°C da qayta tashkillanish va
parchalanish  jarayonlari  sababli kristallit
o‘lchamining vagqtinchalik kamayishi, 1150°C da
esa atomlarning harakatchanligi va Ostwald
Ripening jarayoni kuchayib, kattaroq o‘lchamdagi
kristallitlar shakllanishini ko‘rsatadi.

111. XULOSA.
Olib borilgan rentgenodifraksion tadgiqotlar
Choxralskiy =~ usulida  o‘stirilgan  p-Si<B>

monokristallarida issiglik ishlovi harorati ortishi
bilan kristall panjaraning tuzilmaviy holati sezilarli
darajada o‘zgarishini  ko‘rsatdi. 950-1150°C
haroratlar oraligida berilgan issiqlik ishlovlari
natijasida kislorodli komplekslar, SiO. va SiOx
Klasterlari hamda  ikkilamchi  fazalarning
shakllanishi kuchayib, panjara doimiysi ortishi va
mikrokuchlanishlarning paydo bo‘lishiga olib
kelishi aniqlandi. Subkristallitlar o‘lchamining
haroratga bog‘liq ravishda o‘zgarishi, shuningdek
B:0s va SiBs fazalarining aniqlanishi kislorod va
bor atomlarining diffuziyasi hamda ularning o‘zaro
ta’siri kristallning fazaviy va mexanik barqarorligini
belgilovchi asosiy omillardan biri ekanligini
tasdiglaydi. Olingan natijalar issiglik ishlovi
rejimlarini optimallashtirish orgali p-tip kremniy
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monokristallarining tuzilmaviy sifati va
nanoelektronika qurilmalarida go‘llash
samaradorligini oshirish imkonini beradi.
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TERMOJUFT SHOXCHALARDA TOK ZICHLIGI O‘ZGARISHINING
ISSIQLIK JARAYONLARIGA TA’SIRINI TADQIQ ETISH

A.M. Kasimaxunova, M.A. Norbo‘tayev, S.I. Norbo‘tayeva
Farg‘ona davlat texnika universiteti, O‘zbekiston, 150100, Farg‘ona sh, Farg‘ona ko‘chasi 86 uy

2025-yil 1-noyabrda berilgan; 2025-yil 10-dekabrda chop etish uchun gabul gilingan.

AHHOTaumsa. B pgaHHOWM cTaTbe CMOAENUPOBAHO BNUSIHUE W3MEHEHUSI MMAOTHOCTWU 3MEeKTPUYECKOro Toka Ha
npoueccobl TennoobMeHa B BETBAX TEPMO3INEKTPUYecKoro reHepatopa. MopgenvpoBaHve npoBOAUIIOCH C
ucnonb3oBaHvem nporpammHoro naketa COMSOL Multiphysics. B xoge uccnepoBaHusa 6bin npoaHanuavpoBaH
pacnpegerneHve Tenna u Temnepartypbl BHYTPY TEpMONapbl NPy pasnuyHbiX NAOTHOCTAX TOKa. ATOT NapaMeTp umeeT
BaXXHOE 3HayeHve Ond ontummsaumm 3QEKTUBHOCTM TEPMOINEKTPUYECKNX reHepaTtopoB. Kpome Toro, B ctatbe
paccMoTpeHbl  Mpoueccbl  OPMMPOBAHMSA  ANEKTPUYECKMX TOKOB B TEPMOINEKTPUYECKUX  ArEMEHTaX,
TENMonpoBOAHOCTL B TBEpPAbIX Tenax, TePMOINEKTPUYECKUn 3(PAEKT, UCTOYHMKM INEKTPOMArHUTHOro Tenna u
npouecchl TemnepaTypHOW CBA3N.

KnioueBble cnoBa: TepMmoanekTpuyeckuii reHepatop, COMSOL Multiphysics, Tepmonapa, pacnpegeneHve
Temnepartypbl, ONTUMU3auns 3pHEKTUBHOCTHU.

Annotatsiya: Ushbu maqolada termoelektrik generator shoxchalarida elektr tok zichligi o‘zgarishining uning
hajmidagi issiglik almashinuvi jarayonlariga ta’siri modellashtiriigan. Modellash ishlarida COMSOL Multiphysics
dasturiy paketi go‘llanilgan. Tadgigot davomida turli tok zichliklari ostida termojuft ichidagi issiglik va harorat tagsimoti
tahlil qilindi. Ushbu parametr termoelektrik generatorlarning samaradorligini optimallashtirishda muhim ahamiyatga
ega. Shuningdek, magolada termojuft elementlarida elektr toklarining shakllanishi, qattiq jismlarda issiglik o‘tkazilishi,
termoelektrik effekt, elektromagnit issiglik manbalari va harorat bog‘lanishlari jarayonlari yoritilgan.

Kalit so‘zlar: termoelektrik generator, COMSOL Multiphysics, termojuft, harorat taqgsimoti, samaradorlikni
optimallashtirish.

Annotation. This article models the influence of changes in electric current density on the heat transfer processes
within thermoelectric generator branches. The modeling was carried out using the COMSOL Multiphysics software
package. During the study, the distribution of heat and temperature within the thermocouple under various current
densities was analyzed. This parameter is of significant importance for optimizing the efficiency of thermoelectric
generators. Additionally, the article discusses the formation of electric currents in thermoelectric elements, heat
conduction in solids, the thermoelectric effect, electromagnetic heat sources, and temperature coupling processes.

Key words: thermoelectric generator, COMSOL Multiphysics, thermocouple, temperature distribution, efficiency
optimization.

I. KIRISH. So‘nggi yillarda energiya muhitda, harorat farqi yaratish mumkin bo‘lgan

sohasidagi asosiy yo‘nalishlardan biri milliy
igtisodiyotning barcha tarmoglariga uzluksiz
elektr  ta’minotini  ta’minlash  masalasi
hisoblanadi. Shu munosabat bilan uzluksiz
elektr ta’minotining eng dolzarb
muammolaridan biri — elektr energiyasini
ishlab chiqaruvchi qurilmalarni qo‘llash va
ularni takomillashtirishdir. Albatta, qurilma
texnik nugtai nazardan xavfsiz bo‘lishi, atrof-
muhitga zararli ta’sir ko‘rsatmasligi va
alternativ energiya manbalaridan maksimal
darajada foydalanish imkoniyatini berishi
zarur.

Bugungi muammolarni hal qilishning bir
yo‘li sifatida 1821-yilda Zeebek tomonidan
kashf etilgan fizik jarayonga asoslangan
termoelektrik generatorlar (TEG) xizmat giladi
[1; 131-138-h, 2; 442-451-b].

Oldingi ishlarimizda ta’kidlanganidek [3;
302-308-b, 4; 269-273-b], termoelektrik
generatorlar  issiglik  energiyasini  elektr
energiyasiga samarali aylantirishda asosiy
manba hisoblanadi. TEGIlar deyarli har ganday

joylarda qo‘llanilishi mumkin [5; 89-94-b].
Shu bilan birga, ular uy xo‘jaliklari uchun
qo‘shimcha elektr manbai sifatida ham xizmat
giladi [6; 128-136-b].

TEGlar avtonom elektr ta’minoti talab
gilinadigan  monitoring  tizimlari, tibbiy
asboblar va boshga qurilmalar uchun istigbolli
qurilmalardir. Individual gozonlardan isitish
magsadida foydalangan uy xo°‘jaliklarida
TEGIlar sovutish, isitish va o0zig-ovqat
mahsulotlarini  haroratini  bargarorlashtirish
uchun ham ishlatilishi mumkin [7; 26-30-b].

Garchi TEGlarning qo‘llanilish doirasi keng
bo‘lsa-da, ularning samaradorligi hozirgi kunda
yetarli darajada emas. Birinchi termoelektrik
generatorlarning  samaradorligi 2% dan
oshmagan bo‘lsa, zamonaviy ko‘p bosqichli
issiglik generatorlari 13% gacha
samaradorlikka ega. Yangi yarimo‘tkazgich
materiallari va ularning tuzilmasini
takomillashtirish hisobiga bu ko‘rsatkich 20%
va undan yuqori bo‘lishi kutilmoqda [8; 81—
105].
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Ushbu magsadga erishish uchun ko‘pchilik
tadqgiqotlar yarimo‘tkazgich materiallarning
optimal stekiometrik tarkibini aniglash, ishlab
chiqgarish texnologiyalarini takomillashtirish va

go‘llanilish sohalarini kengaytirishga
garatilgan. Shuningdek, termoyadro
strukturasiga ega yangi nanomateriallar ishlab
chigilmoqda, ular issiglik o‘tkazish

xususiyatlarini yaxshilaydi.

Biroq termojuftni tadqgiq qilish, tayyorlash
va ishlab chigarish jarayoni katta kuch,
sarmoya va laboratoriya uskunalarini talab
giladi. TEG parametrlarini hisoblash ko‘plab
omillar, jumladan, TEG materiali, uning elektr
parametrlar, geometrik o‘lchamlari va elektr
hamda issiglik xususiyatlari nisbati bilan
murakkablashadi. Ushbu muammolarni hal
gilishda simulyatsiya ishlatiladi, bu esa ishlab
chigarishdan oldin termojuft elementlarining
parametrlarini  optimallashtirishga  imkon
beradi va ko‘plab iteratsiyalarni kamaytiradi [9;
45-54-b]..

1. ADABIYOTLAR TAHLILI

Ushbu tadgigotda yuqori aniglik va
hisoblash samaradorligini ta’minlash uchun
mos modellashtirish yondashuvi tanlanishi
muhimdir. Ko‘plab tadqiqotlar turli matematik
va kompyuter yordamida modellashtirish
usullaridan foydalangan.

Masalan, Kaljadin va Korolev [10; 38-45-b]
halga geometriyasiga ega termoelektrik
generatorning matematik modelini ishlab
chiggan, bu TEG modullarining strukturaviy
xususiyatlarini tahlil gilish imkonini beradi.
Shuningdek, Vinogradov, Halykov va Doan
[11; 84-91-b] eksperimental TEG
parametrlarini  hisoblash ~ va  baholash
metodologiyasini taklif gilgan, diggatni dizayn
optimallashtirishga garatgan.

Zamonaviy yondashuvlar ko‘proq
kompyuter  simulyatsiyasiga  asoslangan.
Habirov va Vohmin [12; 151-159-b], Korotkov
va boshq. [13; 142-150-b] bismut va antimon

telluridlariga  asoslangan  mikro-TEGIarni
modellashtirish uchun ANSYS Workbench
dasturiy platformasidan foydalanish
imkoniyatlarini ko‘rsatgan.

Kostarev va boshq. [14; 241-248-b]

radioizotop termoelektrik generator (RTG)ni
modellashtirgan, unda tabiiy aylanish asosidagi
sovutish  jarayoni  simulyatsiya qilingan.
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Buslaev va Loboda [15; 7-20-b] Uni-Leg
tuzilmasidagi magniy silitsid asosidagi TEGni
modellashtirgan.

Ushbu ishlarni solishtirish orgali turli
modellashtirish usullarining afzalliklari va
cheklovlari aniglanadi. Shu munosabat bilan
COMSOL Multiphysics dasturi eng magbul va
samarali  vosita hisoblanadi, chunki u
multiphysik bog‘lanish, yuqori aniqlik va
geometriya hamda material parametrlarini
moslashuvchan aniglash imkonini beradi.

III. MASALALANING QO‘YILISHI

Ushbu tadgiqotda termoelektrik generator
(TEG) elementlarini modellashtirish va tok
zichligini oshirishning ularning issiglik xatti-
harakatlariga ta’sirini tahlil qilish uchun
COMSOL  Multiphysics  dasturiy  paketi
qo‘llanildi. COMSOL Multiphysics tanlovi
uning integrallashgan multiphizik yondashuvi
bilan izohlanadi, bu esa elektr, issiglik va
termoelektrik jarayonlarni bir vaqgtda hisobga
olish imkonini beradi va natijalar yuqgori aniglik
hamda fizik moslikka ega  bo‘lishini
ta’minlaydi.

Modellashtirish yondashuvi va algoritmi

Ragamli modellashtirish chegaraviy
elementlar usuli (FEM) asosida amalga
oshirildi, bu COMSOL Multiphysics’ning

asosiy hisoblash texnikasini tashkil giladi.
Quyidagi algoritm gabul gilindi:

Geometriya yaratish — p- va n-turdagi
termoelektrik shoxchalarning tegishli
o‘lchamlardagi 3D modellarini yaratish.

Materiallarni aniglash — bismut tellurid

(Bi2Tes) va antimon tellurid (SbzTes)
materiallarining xususiyatlari kiritildi,
jumladan, haroratga  bog‘liq  issiqlik

o‘tkazuvchanligi, Zeebek koeffitsienti va elektr
o‘tkazuvchanligi.

Fizika modullarini tanlash — bog‘langan
modullar faollashtirildi (2-bo‘limda
ta’riflangan).

Chegara sharoitlarini belgilash — issiq va
sovuq tomon haroratlari, elektr tokining kirish
shartlari va issiglik izolyatsiyasi sharoitlari
aniglandi.

Tarmoq yaratish (Meshing) — harorat yoki
tok gradientlari keskin bo‘lgan hududlarda
aniqlikni ta’minlash uchun moslashuvchan
tarmoq texnikalari qo‘llanildi.
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Hisoblash va post-protsessing — iteratsion
yechimlar yordamida harorat tagsimoti, issiglik
ogimi, elektr potentsial va samaradorlik
ko‘rsatkichlari hisoblandi.

Fizik modullari va ularning integratsiyasi.

TEG elementlarida issiglik va zaryad tashish
jarayonlarining o‘zaro bog‘ligligini aniq
modellashtirish uchun bir nechta COMSOL
modullari birlashtirildi:

Qattiq  jismlarda issiglik uzatish —
termoelektrik shoxchalardagi harorat
gradientlarini hisobga olgan holda issiglik
o‘tkazuvchanligi tenglamalarini yechish.

Elektr toklari — p- va n-turdagi shoxchalarda
elektr tok zichligini modellashtirish.

Termoelektrik effekt (multiphysics coupling
node) — issiqlik va zaryad tashish jarayonlarini

bog‘lash, Zeebek, Peltier va Thomson
effektlarini hisobga olish.
Chegara issiglik manbai — tok oqgimi

natijasida Joule isishi orgali yuzaga keladigan
lokal isitish effektlarini Kiritish.

Ushbu multiphizik integratsiya temperatura
va potentsial maydonlarini o‘zaro mos holda
hisoblashni ta’minlaydi va termoelektrik
qurilmalarning hagiqiy ishlash sharoitlarini aks
ettiradi.

Zeebek effekti — harorat gradienti natijasida
elektromotor kuch hosil bo‘lishi.

Peltier effekti — tok ogimi ostida turli
materiallarning bog‘lanish joylarida isitish yoki
sovutish.

Thomson effekti — harorat gradientiga ega
o‘tkazgich bo‘ylab qo‘shimcha isitish yoki
sovutish.

Joule isishi — tok zichligi natijasida rezistiv
isitish.

Ushbu effektlar bir vaqtda hisobga
olinganda, model termoelektrik energiyani
aylantirish samaradorligini aniq aks ettiradi.

Usulning afzalliklari

» An’anaviy analitik yondashuvlar va
soddalashtirilgan ragamli modellarga nisbatan
[10-15]:

» Haroratga bog‘liq no-chizigli material
xususiyatlarini yuqori aniglikda hisobga olish.

» TEG modullarining turli geometrik
konfiguratsiyalarini  simulyatsiya qilishdagi
moslashuvchanlik.

» Issiglik uzatilishini  turli rejimlarda
(o‘tkazuvchanlik, konveksiya, nurlanish) tahlil
qgilish imkoniyati.
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» Harorat maydonlari, tok tagsimoti va
issiglik gradientlarini samarali vizualizatsiya
gilish orqgali optimallashtirish.

IV. TADQIQOT NATIJALARI

COMSOL Multiphysics dasturining
imkoniyatlarini hisobga olib, termoelektrik
generator  elementlarida  tok  zichligini
oshirishning issiqlik tagsimotiga ta’sirini
modellashtirish uchun dastur ishga tushirildi va
uning  geometrik  o‘lchamlari  kiritildi.
Geometrik  o‘lchamlar  konstant  yoki
o‘zgaruvchi  parametr sifatida  kiritilishi
mumkin (1-rasm). Bu jarayonlarni to‘g‘irlash
va optimallashtirishga, shuningdek,
termoelektrik generatorning samaradorligini
oshirish uchun uning geometrik o‘lchamlarini
o‘zgartirishga imkon beradi.

1-rasm. COMSOL Multiphysics dasturiy vositasidan
foydalanib  termoelektrik  generator  elementining

geometrik o‘lchamlarini kiritish.

2-rasmda  dastur  tomonidan  Kirish
parametrlari ganday belgilanib, tushuntirilgani
ko‘rsatilgan. Misol uchun, termoelektrik
generator parallelepiped shaklida olingan,
uning geometrik o‘lchamlari A (asos eni), B
(asos uzunligi), H (element balandligi)
o‘zgaruvchilar orqali aniqlangan va dastlab 4
mm, 4 mm va 6 mm sifatida belgilangan. Tok
zichligi JO bilan, asosiy harorat TO (sovug uch)
20°C deb gabul qgilingan.

Normal

~uarrAant

Groundi

2-rasm. COMSOL Multiphysics dasturiy vositasidan
foydalanib termoelektrik generator elementining elektr
tokini parametrizatsiya gilish
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Keyin dastur imkoniyatlaridan foydalanib,
termoelektrik generatorning tarkibiy
materiallari va  kontakt plastinalarining
materiallari tanlandi. E’tiborga molik yana bir

xususiyat shundaki, dastur termoelektrik
generator elementlarini yaratishda
ishlatiladigan barcha kimyoviy va fizik

parametrlarni (Bi, Te, Sb...) o‘z ichiga oladi.
Bu nazariy tadgiqot natijalarini yuqori aniqlik
bilan olish va ortigcha ma’lumot kiritishga
sarflanadigan vaqtni tejash imkonini beradi.

Parametrlar: temir qatlamlari, kontakt
goplamasi qalinligi 0,2 mm; tok zichligi: 10—
200 a/cm?; asosiy harorat: 20°c; temirning
zeebek koeffitsienti: 6,5 mv/k.

Termoelement materiali: bismut tellurid.

Termoelektrik generator elementlaridagi
elektr tok parametrlari — “Tokni saqlash”
(Current conservation), “Elektr izolyatsiyasi”
(Electrical insulation), “Boshlang‘ich
qiymatlar” (Initial values), “Yer” (Earth),
“Oddiy tok zichligi” (Normal current density) —
dasturdagi “Elektr toklari” (Electric currents)
bo‘limidan sozlanadi va elektr tokining
boshlang‘ich qiymatlari kiritiladi.

2-rasmda elektr tok parametrlarini sozlash
jarayoni ko‘rsatilgan. Termojuftlarda tok ogimi
Peltier effekti natijasida harorat fargining
yuzaga kelishiga sabab bo‘ladi, va dastur
VJ=Q (j,V) tenglamasi asosida quyidagi
formulalarga muvofiq hisoblashlarni amalga
oshiradi:

J=cE+Je va E=—VVJ

Bu jarayonlar tok va harorat maydonlarining
haqigiy tagsimotini modellashtirishga imkon
beradi.

Modelimizni yaratishda keyingi jarayon —
“Qattiq jismlarda issiqlik uzatish” (Heat
Transfer in Solids) dastur parametrlarini
sozlashdir. Termojuftlardagi harorat gradyenti
Zeebek effekti natijasida termo-elektromotor
kuchi (thermo-EMF) paydo bo‘lishiga sabab
bo‘lishini tushungan holda, dastur bu jarayonni
quyidagi formulalar gonunlariga muvofiq
amalga oshiradi.

pCou VT +V-q=0Q + Qtea (1)

q = —kVT 2
Model vyaratish jarayonining navbatdagi
bosgichi —  dasturning  “Multiphysics”

38

bo‘limidan  “Termoelektrik  effekt” va
“Elektromagnit isitish” parametrlarini
sozlashdir. Termoelektrik ta’sir jarayonlari
quidagi  formulalariga  muvofig amalga
oshiriladi:

C, S+ V(=kVT + P]) = Q,q = P (3)
Elektromagnit isitish esa quyidagi
formulalar orgali hisoblanadi:
Je=—oSVT, Qe=J-EJ (4)

Yugorida biz termojuft o‘lchamlari bo‘ylab
sodir bo‘ladigan fizik jarayonlar bilan bog‘liq
barcha holatlarni ko‘rish imkonini beruvchi

hodisalarni  tahlil qildik. Endi esa bu
jarayonlarni amalda kuzatish va natijalar
chigarish imkonini  beruvchi protsedurani

bajarish vaqti keldi. Buning uchun dasturdagi
“Training” bo‘limiga o‘tamiz.

Bizning tadgigotimizda bu ish ikki xil holat
bo‘yicha amalga oshirildi:

1. Birinchi holatda elektromagnit isitish,
ya’'ni qarshilik yo‘qotishlari (resistive losses)
hisobga olinmadi.

2. Ikkinchi  holatda esa  qarshilik
yo‘qotishlari hisobga olindi.

Shuningdek, ushbu bo‘limga
tadgigotimizning optimizatsiya jarayoni uchun
“Optimize” funksiyasi qo‘shildi.

Tadgigotimizni optimizatsiya gilish jarayonida
SNOPT metodi qo‘llanildi.

V. TADQIQOT NATIJALARINI TAHLILI

Simulyatsiya  natijasida olingan TB
(termojuft  batareyasi) elementlarida tok
zichligini o‘zgartirish orqali termojuft ichida
yuzaga keladigan o°zgarishlarni va issiglik
tagsimotini tahlil gilish imkoniyati 3a, 3b, 4a,
4b-rasmlarda ko rsatilgan.

K]

a) b)
3-rasm. Tok zichligini o‘zgartirishning haroratga ta’siri
(qarshilik yo‘qotishlari hisobga olinmagan): a) Tok
zichligi 10 A/cm?; b) Tok zichligi 200 A/cm?
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Agar 3a va 3b-rasmlarga e’tibor bersak,
qarshilik yo‘qotishlari hisobga olinmagan
holatda, tok  zichligi  oshgan  sayin
termoelementlarda harorat farqi  sezilarli
darajada oshmaydi. Albatta, real jarayonlarda
qarshilik yo‘qotishlarini hisobga olish zarur.

>
v

a) b)
4-rasm. Tok zichligini o‘zgartirishning haroratga ta’siri
(qarshilik yo‘qotishlari hisobga olingan): a) Tok zichligi
10 A/em?; b) Tok zichligi 200 A/cm?

4a va 4b-rasmlarga garaganda, harorat farqi
ma’lum bir tok zichligi qiymatigacha ortadi,
so‘ngra kamayishni boshlaydi. Bu holat 5-
rasmdagi grafik orqali yanada aniq ko‘rinadi.

5-rasm. Termojuftlarda tok zichligini oshirishning
haroratga ta’siri.

S5-rasmdagi  ko‘k  chiziq qarshilik
yo‘qotishlari  hisobga olinmagan holatni
ifodalaydi. Chiziq yo‘nalishiga e’tibor bersak,
harorat fargi tok zichligi oshishi bilan deyarli
chizigli tarzda ortadi. Agar yashil chizig bilan
ifodalangan qarshilik yo‘qotishlari hisobga

olinsa, yuqgorida aytilgan holatlar anig
tasdiglanadi.
VI. XULOSA.
Xulosa qilib aytganda, bugungi kunda
modellashtirish jarayonlari ilm-fan

rivojlanishida muhim rol o‘ynaydi. Hozirgi
kunda turli yo‘nalishlarda modellashtirish
uchun ko‘plab dasturiy vositalar mavjud.
Bizning tadgigotimizda COMSOL
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Multiphysics dasturi yordamida turli termojuft
parametrlarini tahlil gilish imkoniyati yaratildi
va quyidagi natijalarga erishildi:

1. Tok zichligi o‘zgarishi termojuftlardagi
harorat farqiga ta’sir qilishi aniglangan;

2. Eng katta harorat farqi 4 mm x 4 mm x 6 mm
o‘lchamli termojuftda 81,218 A/cm? tok
zichligida kuzatilgan.
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O‘ZGARUVCHAN KUCHSIZ MAGNIT MAYDONDAGI KVANT O‘RALI
YARIMO‘TKAZGICHLARDA BIRINCHI LANDAU SATHINING VAQT
BO‘YICHA O‘ZGARISHI

U.l. Erkaboev, U. M. Negmatov

Namangan davlat texnika universiteti, O’zbekiston, Namangan shaxri, |.Karimov shox-ko’chasi, 12-uy. 160100
2025-yil 2-noyabrda berilgan; 2025-yil 28-noyabrda chop etish uchun gabul gilingan.

Annotatsiya. Ushbu magolada kvant o‘rali yarimo‘tkazgichlarning o‘tkazuvchanlik zonasida hosil
bo‘ladigan birinchi diskret Landau sathining statik va o‘zgaruvchan kuchsiz magnit maydonlar ta’siridagi
vaqt bo'yicha o‘zgarish dinamikasi nazariy jihatdan tadqiq etilgan. Statik magnit maydon sharoitida birinchi
Landau sathining energiyasi vaqtga bog‘liq bo‘Imasligi, o‘zgaruvchan kuchsiz magnit maydon ta’sirida esa
ushbu sath energiyasining garmonik ravishda tebranib turishi ko‘rsatib berilgan. Dinamik magnit maydon
sharoitida birinchi Landau sathining vaqgt bo‘yicha o‘zgarish tezligi aniglanib, uning fagat magnit maydon
induksiyasining amplituda giymatiga va Landau sathining tartib ragamiga bog‘liq ekanligi isbotlangan.
Olingan natijalar sonli tahlillar asosida grafiklar orqali tasdiglangan. Tadgiqot natijalari past o‘lchamli
yarimo‘tkazgich tizimlarida kvant ossillyatsiya jarayonlarini tushuntirish va ularni fazaviy tahlil gilishda
muhim ilmiy ahamiyatga ega.

Kalit so’zlar: : kvant o‘ra; Landau sathlari; kuchsiz magnit maydon; o‘’zgaruvchan magnit maydon;
kvant ossillyatsiya; energetik spektr; past o‘lchamli yarimo‘tkazgichlar; fazaviy tahlil.

AHHoOTaumA: B gaHHOM cTaTbe TeopeTUYeckn UccriefoBaHa AMHAMUKA M3MEHEHMSI BO BPEMEHU
nepBoro OWCKPeTHOro ypoBHsA JlaHgay, dopmupylolerocs B 30HE MPOBOAUMOCTM KBAHTOBO-SIMHbIX
NnonynpoBOAHMKOB, N0 BO34ENCTBUEM CTAaTUYECKNX U NEPEMEHHbBIX CrabbiX MarHUTHbIX Nonewn. NokasaHo,
YTO B YCINOBUSIX CTaTUYECKOro MarHUTHOIO NOJISt 3HEPIrsi NEPBOro YpoBHS JlaHaay He 3aBUCUT OT BPEMEHMN,
Torga Kak MpuM BO3OENCTBMM MEPEeMEHHOro craboro MarHWUTHOro MNons 3Heprs OaHHOro YPOBHS
UCMNbITbIBAET rapmMoHn4yeckue kornebaHus. B ycrnoBusiXx AMHaMMYeckoro MarHMTHOro Mofs onpeaereHa
CKOPOCTb BPEMEHHOIO M3MEHEHUS NEPBOro YpoBHS JlaHaay 1 OoKasaHo, YTO OHA 3aBUCUT UCKITIOYMUTENBHO
OT amMnNUTyAbl MarHUTHOM UHAOYKLUUN N NOPSOAKOBOro HoMepa ypoBHs JlaHgay. MonyveHHble pesynbTaThl
noATBEPXXAEHbI HA OCHOBE YMCMIEHHOro aHanmMsa C MWCMOoNb3oBaHMeM rpaduyecknx MoCTPOEHUN.
Pesynbratbl uMccnegoBaHWst MMEKT BaXHOE HayyHOe 3HavyeHue Ans MOHMMaHuMs  KBaHTOBbIX
OCLMNNSALMOHHBIX MPOLLECCOB B HU3KOPa3MePHbIX MONMyNpOBOAHMKOBBIX CUCTEMAX U UX ha3oBoOro aHanmsa.

KnioueBble crnoBa: kBaHTOBas siMa; ypoBHW JlaHgay; cnaboe marHuTHoe norne; nepemMeHHoe
MarHUTHOE MoJe; KBaHTOBbIE OCLMMNALNN; SHEPreTUYECKUIA CNEKTP; HU3KOPA3MEpPHbIE NOYNPOBOAHUKMY;
¢a30BbIN aHanus.

Annotation. This article presents a theoretical study of the time-dependent dynamics of the first
discrete Landau level formed in the conduction band of quantum-well semiconductors under the influence
of static and weak alternating magnetic fields. It is shown that under a static magnetic field the energy of
the first Landau level is time-independent, whereas under the action of a weak alternating magnetic field
the energy of this level undergoes harmonic oscillations. Under dynamic magnetic-field conditions, the rate
of temporal variation of the first Landau level is determined, and it is proven that it depends exclusively on
the amplitude of the magnetic induction and the Landau level index. The obtained results are confirmed by
numerical analysis using graphical representations. The results of the study are of significant scientific
interest for understanding quantum oscillatory processes in low-dimensional semiconductor systems and
for their phase analysis.

Keywords: quantum well; Landau levels; weak magnetic field; alternating magnetic field; quantum
oscillations; energy spectrum; low-dimensional semiconductors; phase analysis.

KIRISH

Aytaylik, dinamik magnit maydon vaqt
o‘tishi bilan magnit maydon induksiyasi
sinusoidal o‘zgarmoqda. Unda, kvant o‘raning
ruxsat etilgan zonalardagi diskret energetik
sathlar vaqtga kuchli bog‘liq bo‘ladi [1,2,3].
Shu sinusoidal gonuniyatni bajarayotgan
formuladan, vaqt bo‘yicha hosila olsak, E,-ni
o‘zgarish tezligi kelib chiqadi [1,2,3]:

dEp(wc,tNy) 1\
dt = Wc- (NL t 2) (1)
7 e-Bg-cos(wct)
m* ’

(1) ifodadan ko‘rinib turibdiki, diskret

En

energetik o‘zgarish pn
dinamik magnit maydon induksiyasining
amplituda giymatiga va Landau sathlari soniga
bog‘liq bo‘lmoqda. Lekin, kvant o‘raning
galinligi d va o‘lchamli kvantlar soni n, ning

sathlarni tezligi
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. . dE . . .
o‘zgarish d—t“ ga umuman ta’sir etmayapti. Buni

fizik ma’nosi quyidagicha tushuntiriladi:
252
%nz, (n, =1) ning gqiymati kuchsiz

dinamik magnit maydon energiyasiga nisbatan

ko‘p marta kattaradi, ya’ni:

232
I h,(n, =1) > (NL +%) h

2m*d?

= O

(2) dan ko‘rinib turibdiki, kuchsiz
dinamik magnit maydon hosil gilgan har bir
diskret Landau sathlari kvant o‘raning (nz = 1)
birinchi o‘lchamli sathiga nisbatan juda yaqin
joylashgan bo‘ladi. (E, (n, = 1) ning shipida
bo‘ladi). Xulosa qilib, aytish mumkinki,
fagatgina bizning hisobimiz uchun n, = 1 ni
o‘zi yetarli (ya’ni, E,, = const).

Keling endi sonli tahlillar olib boraylik.
1-rasmda 4 xil grafik keltirilgan. Qora rangdagi
(nuqtali) chiziq vaqtga bog‘lig bo‘lmagan va
magnit maydon B =0 dagi E,= ;;h; n2
energiyaning grafigidir. Bir qgator hisoblarga
ko‘ra, u E, = 0.0105 eV ga teng bo‘lsin (n, =
1). OY o‘qi bo‘yicha sanoq boshini «nol» deb
olinsa, u holda OX o‘qiga parallel chiziq
o‘raning  o‘tkazuvchanlik  zonasini  tubi
hisoblanadi. Agar, d = 5 nm bo‘lsa, ushbu o‘ra
kvantlangan bo‘lib, ushbu zona tubi 1-rasmdagi
«qoray chiziqqga to’g‘ri keladi. «Yashil» chiziq
kvant o‘raning OZ o°qiga parallel bo‘lgan statik
magnit maydon ta’siridagi N;, =1 ga teng
bo‘lgan diskret Landau sathidir [1,2]. Bu
«yashil» chiziq (1) formula bo‘yicha olingan
grafik hisoblanadi. Albatta, statik kuchsiz
magnit maydon vaqtga bog‘liq emas, ya’ni,
Bo =5mTl magnit maydon ta’sirida
E,(B,d) =0.011eV (11 meV) o‘zgarmas
energiyaga teng bo‘lmoqda. 1-rasmdagi «qizil»
rangda keltirilgan grafikni ko‘rib chiqaylik.
Ushbu grafik, (1) formula bo‘yicha olingan
bo‘lib, unda dinamik kuchsiz magnit maydon
ta’siridagi birinchi diskret Landau sathini vaqt
bo‘yicha o‘zgarishi  ko‘rsatilgan  [3,4,6]
(En(B,t,d)). Bunda [3,5,7] larga ko‘ra, w. =
103 Hzva vaqt davomiyligi t =0+ 0.5 ms
kabi tanlab olingan. Ushbu «qizil» rangdagi
grafikdan ko‘rinib turibdiki, vaqt o‘tishi bilan
E,(B(t),d) ni giymati maksimal 0.0130 eV ga
teng bo‘lib, minimal 0.0105 eV gacha yetib
bormoqgda. Vaholanki, 0.0105 eV energiya B =
0 dagi E,,(d) ga to’gri keladi. Va nihoyat, 1-
rasmdagi «ko‘k» rangda keltirilgan grafikni
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ko‘raylik. Ushbu grafik “252 ga. tegishli
bo‘lib, u (2) formula bo‘yicha ko’rilgan.
dEn (B(D) PR :

———= — funksiyaning diskret Landau

dt
sathlarini vaqt bo‘yicha o‘zgarish tezligi deb

nomlaymiz [2,3,5]. Bu tezlik shunday
o‘zgaradiki, uning ddit“ (max) = 0.02 eV gacha
(n, = 1 gato‘g‘ri keluvchi E,, (d) ga nisbatan 2
marta ko‘p), %(min) = 0.001 eV gacha

(deyarli «kvantlanmagan» o‘tkazuvchanlik
zonasi tubiga yaqin) garmonik o‘zgarmoqda.

EneV | “

1-rasm. Kvant o‘raning o‘tkazuvchanlik zonasidagi
birinchi Landau sathining statik magnit maydon va
0°‘zgaruvchan magnit maydonlarga bog‘ligligi

Demak, dE“d—(tB’t)
o‘ra qalinligiga, o‘lchamli kvantlar soniga
bog‘liq bo‘lmasligi bilan bir qatorda, uning
giymati E,,(d,n,) ga nisbatan 2 karra ortiq

o‘zgarish tezligi kvant

bo‘lishi mumkin ekan. Yoki, aksincha, dEr;(f't)
ning qiymati shunday  «minimum»ga

erishadiki, bu gisga vaqtda, erkin elektronlar
o‘zini 3D holatdagidek his giladi.

2-rasmda E, ni vaqtga va kuchsiz
dinamik magnit maydon induksiyasining
amplitudasiga bog‘ligligi ko‘rsatilgan. Bunda,
By =1 = 5mTl oralig, va t=0+0.16 ms
ta’sir vaqti tanlab olingan [1,2,6]. 2-rasmdan
ko‘rinib turibdiki, dinamik magnit maydon
induksiyasining ta’sir qiymati ortishi bilan %
tezlik katta energiyalar intervalida kuchli
o‘zgarishi kuzatilmoqda.
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2-rasm. O‘zgaruvchan kuchsiz magnit maydondagi
erkin elektron energiyasini ta’sir etish vaqti va magnit
maydon induksiyasi amplitudasiga bog‘ligligi

Xulosa:
1. Kvant ofrali yarimo‘tkazgichlarning
diskret energetik sathlarining o‘zgarish tezligi

dE . ) i
d—t“ fagatgina o‘zgaruvchan kuchsiz magnit

maydon induksiyasining amplituda giymatiga
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YARIMO*‘TKAZGICHLI MATERIALLARDAN TAYYORLANGAN
HAIJMIY TERMOELEMENTLARNI TAYYORLASH
IMKONIYATLARINI TADQIQ QILISH

M.A. Norbo‘tayev
Farg‘ona davlat texnika universiteti, O‘zbekiston, 150100, Farg‘ona sh, Farg‘ona ko‘chasi 86 uy

2025-yil 2-noyabrda berilgan; 2025-yil 8-dekabrda chop etish uchun gabul gilingan.

Annotatsiya. Ushbu maqolada termoelektrik batareyalar uchun p-tur o‘tkazuvchanlikka ega bo‘lgan
Bi2Tes—Sh2Tes asosidagi yarim o‘tkazgich materiallardan hajmiy termoelelementlar tayyorlash texnologik
imkoniyatlari tadgiq etildi. Material tarkibining stexiometriyasi, tellur va selen bilan boyitish, shuningdek,
go‘rg‘oshin bilan legirlashning elektr va termoelektrik parametrlarga ta’siri eksperimental natijalar asosida
tahlil gilindi. Olingan natijalar p-Bio,sSb1,5Tes asosidagi termoelelementlar uchun optimal tarkib va texnologik
rejimlarni aniglash imkonini beradi.

Kalit so‘zlar: termoelektrik generator, p-tip yarim o‘tkazgich, termoelektrik samaradorlik, Bi2Tes—
Sh.Tes, legirlash.

AHHOTaumAa. B cratbe wuccrnegoBaHbl TEXHONOTMYECKME BO3MOXHOCTW MOMyYeHUs OOBbEeMHbIX
TEPMO3NIEMEHTOB U3 MOMYNPOBOOHUKOBLIX MaTepuarnioB Ha ocHoBe Bi:Tes—ShzTes ¢ p-Tunom
NpoBOAMMOCTM ONA TEepMO3nekTpuyeckux OaTaperi. Ha OCHOBEe 3KCNepMMEHTAaNbHbIX AaHHbIX
npoaHanM3MpoBaHO BIIMSIHUE CTEXMOMETPUYECKOro COCTaBa, oboralleHns TeNypoM U CENEHOM, a TaKkke
NernpoBaHns CBMHLOM Ha 3MNEKTPUYECKME 1 TEPMOIEKTpUYEeckme napameTpebl. [lonyyeHHble pesynbTaTthl
No3BOMAT OnpeaennuTb ONTUMarbHble COCTaBbl M TEXHOMOrMYeckue pexumbl ans p-BiosSbisTes
TEPMOJIEMEHTOB.

KnioyeBble cnoBa: TEPMO3MEKTPUYECKUI TeHepaTop, P-TUM NONynNpoBOAHMKA, TEPMO3NEKTpuYeckas
apdpekTnBHOCTL, Bi2Tes—ShzTes, nermposaHue.

Annotation. This paper investigates technological approaches for the fabrication of bulk thermoelectric
elements based on p-type Bi2Tes—Sb2Tes semiconductor materials for thermoelectric batteries. The effects
of stoichiometry, tellurium and selenium enrichment, as well as lead doping on electrical and thermoelectric
properties are analyzed using experimental data. The obtained results make it possible to determine

optimal compositions and processing conditions for p-BiosSbi1,sTes thermoelectric elements.
Keywords: thermoelectric generator, p-type semiconductor, thermoelectric efficiency, Bi2Tes—Sh2Tes,

doping.

KIRISH.

Energetika sohasida so‘nggi o‘n yilliklarda
kuzatilayotgan global o‘zgarishlar, xususan,
an’anaviy  yoqilg‘i-energetika  resurslarining
kamayib  borishi, atrof-muhitga  antropogen
ta’sirning kuchayishi hamda energiya
samaradorligini oshirish zarurati mugobil va gayta
tiklanuvchi  energiya  manbalariga  bo‘lgan
gizigishni keskin oshirdi. Shu nuqgtayi nazardan,
ikkilamchi issiglik energiya manbalaridan ogilona
foydalanish masalasi zamonaviy energetikaning
eng dolzarb ilmiy-texnik muammolaridan biri
hisoblanadi.

Sanoat korxonalari, issiglik elektr stansiyalari,
ichki yonuv dvigatellari, metallurgiya va kimyo
sanoati texnologik jarayonlarida katta miqgdorda
past va o‘rta haroratli issiqlik energiyasi ajralib
chigadi. Aksariyat hollarda ushbu issiglik
energiyasi foydasiz tarzda tashqgi muhitga chigarib
yuboriladi. Aynan shu yo‘qotishlarni kamaytirish
va energiya balansini yaxshilashda yarim
o‘tkazgichli termoelektrik energiya o‘zgartirgichlar

muhim o‘rin tutadi. Termoelektrik generatorlar
mexanik harakatlanuvchi gismlarga ega emasligi,
shovqginsiz ishlashi, yuqgori ishonchliligi va uzoq
xizmat muddati bilan ajralib turadi.

Ma’lumki, termoelektrik energiya o‘zgartirish
jarayoni Zeebek effekti asosida amalga oshiriladi va
materialning termoelektrik samaradorligi asosan Z
yoki o‘lchamsiz ZT koeffitsiyenti bilan baholanadi.
Ushbu  ko‘rsatkich ~ materialning  Zeebek
koeffitsiyenti, elektr o‘tkazuvchanligi hamda
issiglik o‘tkazuvchanligi kabi fundamental fizik
xossalariga bevosita bog‘liq. Shu sababli yuqori ZT
giymatlariga ega bo‘lgan yangi termoelektrik
materiallarni yaratish va mavjud materiallarning
xossalarini optimallashtirish bo‘yicha tadqiqotlar
jadal olib borilmoqda.

Past va o‘rta haroratlar (250-500 K) oralig‘ida
ishlovchi termoelektrik qurilmalar uchun Bi2Te3
asosidagi qattig gorishmalar hozirgi kunda eng
samarali materiallar sirasiga kiradi. Ushbu
materiallar asosida tayyorlangan termoelektrik
generatorlar sovitish va elektr energiyasi ishlab
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chigarish  tizimlarida keng qo‘llanilmoqda.
Aynigsa, Sh,Tes bilan legirlangan Bi;Te; asosidagi
p-tur yarim o‘tkazgich materiallar yuqori Zeebek
koeffitsiyenti va maqgbul elektr o‘tkazuvchanlik
giymatlari bilan ajralib turadi.

Birog p-tur o‘tkazuvchanlikka ega bo‘lgan
termoelektrik materiallarni tayyorlash texnologiyasi
n-tur materiallarga nisbatan ancha murakkab bo‘lib,
tarkibning stexiometrik muvozanatini saglash,
zaryad tashuvchilar konsentratsiyasini optimal
darajada boshqarish hamda texnologik
yo‘qotishlarni kamaytirishni talab etadi. Xususan,
ortigcha  tellur  yoki  boshga legirlovchi
qo‘shimchalarning mavjudligi materialning elektr
va termoelektrik parametrlariga salbiy ta’sir
ko‘rsatishi mumkin.

Shu munosabat bilan, Bi,Tes—Sh,Tes asosidagi
hajmiy p-tur termoelelementlarni  tayyorlash
texnologiyasini chuqur o‘rganish, tellur va selen
bilan boyitishning hamda qo‘rg‘oshin bilan
legirlashning termoelektrik xossalarga ta’sirini
kompleks tadqig etish ilmiy va amaliy jihatdan
muhim ahamiyatga ega. Ushbu ishda aynan shu
masalalar ko‘rib chiqilib, olingan natijalar asosida
yuqori  samaradorlikka ega bo‘lgan  p-tur
termoelektrik elementlarni yaratish imkoniyatlari
tahlil gilinadi.

MATERIALLAR VA METODLAR

Ushbu tadgiqgot ishida p-tur o‘tkazuvchanlikka
ega bo‘lgan hajmiy termoelektrik elementlarni olish
uchun Bi,Tes—Sh,Te; tizimiga mansub yarim
o‘tkazgich qattiq qorishmalar tanlandi. Mazkur
tizim past va o‘rta haroratlar (300-500 K) oralig‘ida
ishlovchi termoelektrik generatorlar uchun eng
istigbolli materiallar gatoriga kiradi. Tadgiqotlarda

asosiy e’tibor material tarkibining
stexiometriyasini, legirlash darajasini hamda
texnologik parametrlarning termoelektrik

xossalarga ta’sirini aniqlashga qaratildi.

Boshlang‘ich xom ashyo sifatida yuqori
tozalikdagi (99,999 %) vismut (Bi), surma (Sbh),
tellur (Te) va selen (Se) elementlari qo‘llanildi. p-
tur yarim o‘tkazgich materialini olish uchun
dastlabki tarkib Bi2—xSbxTe3 (x = 1,5) nisbatda
tanlandi. Amaliy hisob-kitoblar asosida asosiy
gorishma 74 mol.% Sh,Tes va 26 mol.% Bi,Tes
nisbatda shakllantirildi. Mazkur nisbat p-tur zaryad
tashuvchilar konsentratsiyasini hosil qilish va
yugori Zeebek koeffitsiyentiga erishish uchun
maqgbul deb topildi.

Materialning  termoelektrik  parametrlarini
optimallashtirish magsadida shix-ta tarkibiga 0,25-
2,0 og‘irlik % oralig‘ida tellur yoki 0,10-1,10
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og'irlik % miqdorda selen qo‘shildi. Ayrim
namunalarda texnologik barqgarorlikni oshirish va
yugori  haroratlarda  xossalarni  yaxshilash
magsadida qo‘rg‘oshin (Pb) 0,05-0,25 og‘irlik %
miqdorda legirlovchi qo‘shimcha sifatida kiritildi.

Qattiq gorishmalarni olish inert muhitda eritish
texnologiyasi asosida amalga oshirildi.
Tayyorlangan shix-ta vakuumlangan va argon gazi
bilan to‘ldirilgan kvarts tigellarga joylashtirildi.
Eritish jarayoni 850-900 °C harorat oralig‘ida olib
borilib, eritma bir jinsli holatga kelguniga gadar
ushlab turildi. Keyinchalik namunalarning nazoratli
sovitilishi amalga oshirildi.

Hosil bo‘lgan ingotlar mexanik usulda
maydalandi va mayda dispersli kukun holiga
keltirildi. Olingan kukunlar sovuq presslash usuli
bilan silindrsimon yoki parallelepiped shaklidagi
briketlarga aylantirildi. Presslash bosimi 300-600
MPa oralig‘ida tanlandi. Keyingi bosqichda
briketlar 500-600 °C haroratda kisloponsiz (argon
muhitida) muhitda sinterlandi. Ushbu jarayon
materialning mexanik mustahkamligini oshirish va
donalararo garshilikni kamaytirishga xizmat gildi.

Olingan namunalar  strukturaviy jihatdan
polikristall anizotrop tuzilishga ega bo‘lib, ularning
sifatini baholash uchun zichlik va tashqi nugsonlar
tahlil qilindi. Elektr va termoelektrik xossalarni
aniqlashda quyidagi metodlar qo‘llanildi:

— elektr o‘tkazuvchanlik (o) — doimiy tokda to‘rt
zondli usul yordamida 77-300 K harorat oralig‘ida
o‘lchandi;

— Zeebek koeffitsiyenti (o) — namunada hosil
gilinadigan harorat gradiyenti asosida aniglandi;

— termoelektrik samaradorlik ko‘rsatkichi Z va
o‘lchamsiz ZT qiymatlari hisoblash yo‘li bilan
baholandi.

Termoelektrik samaradorlik quyidagi ifoda
orgali aniglanadi:

7= o? o/ (1)

bu yerda o — Zeebek koeffitsiyenti, c — elektr
o‘tkazuvchanlik, & — issiqlik o‘tkazuvchanlik
koeffitsiyenti.

Barcha o‘lchovlar bir xil eksperimental
sharoitda, takroriy tajribalar asosida amalga
oshirildi. Olingan natijalar statistik jihatdan gayta
ishlanib, o‘rtacha qiymatlar va og‘ishlar aniqlandi.
Turli tarkib va legirlash darajalariga ega namunalar
o‘rtasida solishtirma tahlil olib borildi. Mazkur
metodologiya p-tur BiTes—Sb,Tes asosidagi hajmiy
termoelektrik elementlarning xossalarini kompleks
baholash va ularni tayyorlash texnologiyasini
optimallashtirish imkonini berdi.
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NATIJALAR MUHOKAMASI

Shunday qilib, yugorida bayon etilgan
texnologiya hamda [6]-manbada taklif etilgan
usuldan foydalangan holda p-tur o‘tkazuvchanlikka
ega termoelektrik elementlarni olish uchun 74
mol.% migdordagi qgattiq qgorishma tarkibi
tayyorlandi. Ushbu gorishma asosiy termoelektrik
materialni shakllantirishda xom ashyo vazifasini
bajaradi. Umumiy tarkib 74 mol.% Sb.Tes va 26
mol.% Bi>Tes nisbatdan iborat qilib tanlandi.

Legirlanmagan qgattiq gorishmalarning
termoelektrik xossalari, asosan, dastlabki xom
ashyoning tozaligiga bevosita bog‘liq bo‘ladi.
Amaliy sharoitlarda har doim ham talab etiladigan
xossalarga ega bo‘lgan materialni olish imkoniyati
mavjud emas. Xom ashyoning turiga garab
gorishmalarning elektr ~ va  termoelektrik
parametrlari ma’lum darajada farglanadi. Odatda
inert gaz bosimi ostida sintez gilingan gorishmalar
uchun elektr o‘tkazuvchanlik va  Zeebek
koeffitsiyentining  giymatlari  mos  ravishda
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o = (800-1000) Om™-sm™ va o =
mkV/K oralig‘ida bo‘lishi aniglangan.

Ushbu tadgiqgot doirasida olingan legirlanmagan
bazaviy material uchun quyidagi parametrlar gayd
etildi: 6=980 Om™'sm™" va 0a=197 mkV/K. Aynan
shu giymatlar materialni asos sifatida tanlash uchun
mezon bo‘lib xizmat qildi. Mazkur parametrlar
sharoitida termoelektrik samaradorlikning
o‘lchamsiz ko‘rsatkichi ZT ning maksimal qiymati
T~320-340 K harorat oralig‘ida kuzatildi.

Material tarkibida tellur (Te), surma (Sbh) va
vismut (Bi) atomlarining stexiometrik nisbatdan
og‘ishi sezilarli o‘zgarishlarga olib kelishi
aniglandi. Tellur miqgdorining ortishi donorlik
ta’sirini  kuchaytirib, Zeebek koeffitsiyentining
oshishiga, biroq elektr o‘tkazuvchanlikning
kamayishiga sabab bo‘ladi. Aksincha, shix-ta
tarkibiga vismut va surmaning ko‘proq Kiritilishi

(200-220)

akseptorlik xususiyatlari tufayli elektr
o‘tkazuvchanlikni  oshiradi, ammo o ning
kamayishiga olib keladi.

1-jadval.

Bi>Tes—Sb.Tes asosida tayyorlangan termoelektrik batareyalarning elektr parametrlarining

eksperimental giymatlari

2

Erish harorati T | Tashkil etuvchilarning | o o a‘ o

(°C) miqdori og‘irl % omlsm?; | mkVv/K mkV/sm-grad!
- 2590 104 28,0
1,75 Te 1130 185 38,7
1,85 Te 1045 191 38,1
2,0Te 760 217 35,8
0,75 Se 1490 164 40,1
0,85 Se 1235 169 35,3
0,95 Se 950 206 40,3
1,10 Se 807 216 37,3

875 0,25 Te 1200 185 41,0
0,35 Te 1080 205 454
0,5Te 667 220 32,3

Qo‘llanilgan texnologiyaning muhim jihati
shundaki, legirlash jarayonida termoelektrik
samaradorlik ko‘rsatkichi Z ning qiymatini saqlab
golish imkoniyati mavjud. Bunga bir vaqtning
o‘zida xalkogenlar va qo‘rg‘oshin bilan boyitish
orqali, ya’'ni stexiometrik tarkibdan nazoratli og‘ish
hosil qilish yo‘li bilan erishish mumkin.

Bazaviy material parametrlarini
optimallashtirish magsadida tellurning eritilayotgan
shixta tarkibiga qo‘shilishi uning elektr va
termoelektrik xossalariga qanday ta’sir ko‘rsatishi
alohida tadqgiq etildi. Olib borilgan eksperimental
izlanishlar natijalari quyidagi 1-jadvalda keltirilgan.

Dastlabki komponentlar tarkibi quyidagi og‘irlik
foizlarida tanlandi: Bi - 16,179 og‘ir.%, Sb — 26,826

og‘ir.% va Te — 56,993 og‘ir.%. Vismut-Surma—
tellurid asosidagi, legirlanmagan va yuqori
samaradorlikka ega  bo‘lgan  termoelektrik
elementlarni olish fagat bazaviy materialni zarur
miqdorda tellur bilan to‘yintirish orqali amalga
oshirilishi mumkin.

Yuqoridagi jadval tahlilidan ko‘rinib turibdiki,
Te va Se qo‘shimchalari termoelektrik materialning
xossalariga deyarli bir xil ta’sir ko‘rsatadi. Biroq bir
xil natijaga erishish uchun shix-ta tarkibiga tellurga
nisbatan kamroq miqdorda selen qo‘shish talab
etilishiga garamay, amaliy va texnologik jihatdan
tellur bilan boyitish usuli bargarorroq va ustuvor
hisoblanadi.
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Texnologik eksperimentlar natijalari hamda
[5,6]-manbalarda keltirilgan ma’lumotlarga ko‘ra,
Bio,sSbi,sTes asosida yarim elementlar tayyorlashda
tellur bilan to‘yintirish darajasi eritish harorati va
kvarts tigelining diametriga bog‘liq holda 0,25-1,0
ogir.% oralig‘ida bo‘lishi lozim.

1-rasmda p-tur Bio,sSbi,sTes qattiq qorishmaning
teshiklar konsentratsiyasi turlicha bo‘lgan holatlar
uchun (1-4 egri chiziglar) termoelektrik
samaradorlik ko‘rsatkichining haroratga bog‘liqligi
keltirilgan. Grafikdan ko‘rinib turibdiki, musbat
zaryad tashuvchilar (teshiklar) konsentratsiyasining
ortib borishi bilan ZT ning maksimal giymati
pasayib boradi. Buning asosiy sababi teshiklar
konsentratsiyasining ortishi elektr o‘tkazuvchanlik
o ning oshishiga olib kelishi bilan birga, Zeebek
koeffitsiyenti a. ning sezilarli darajada kamayishidir.
Natijada termoelektrik sifat ko‘rsatkichi Z pasayadi.
Haroratning yanada ortishi esa elektronlarning
energiya tashishi kuchayishi hisobiga ZT ning
keskin kamayishiga sabab bo‘ladi.

l-rasmda taggoslash magsadida qo‘rg‘oshin
bilan  legirlangan  namunalar  uchun  ham
samaradorlikning haroratga bog‘ligligi ko rsatilgan.
T>300 K harorat oralig‘ida bazaviy materialni
go‘rg‘oshin bilan legirlash uning termoelektrik
xossalariga ijobiy va barqgaror ta’sir ko‘rsatishi
aniglandi. Buning sababi shundaki, ortigcha tellurga
ega bo‘lgan asosda qo‘rg‘oshin BixSb2xTes
buglarining elastikligiga nisbatan ancha past
elastiklikka ega bo‘lgan qo‘rg‘oshin telluridini hosil
giladi. Bu holat texnologik yo‘qotishlarning
sezilarli darajada kamayishiga olib keladi.

zT

1,0

0,8

0,6

0,4 LK

300 400 500 600

1-rasm. Teshiklar konsentratsiyasi turlicha bo‘lgan
p-Bio,sSei,sTes qattiq qorishmaning  termoelektrik
samaradorligining haroratga bog‘ligligi. 1-4 egri
chiziglar uchun P, > P> > Ps > Pa. 5 va 6-egri chiziglar
mos ravishda 0,05 va 0,25 og‘ir.% miqdorda qo‘rg‘oshin
bilan legirlangan, mualliflar tomonidan eksperimental
yo‘l bilan olingan namunalarni ifodalaydi.
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XULOSA.

Ushbu tadgiqot ishida p-tur o‘tkazuvchanlikka
ega bo‘lgan Bi.Tes—Sb.Tes tizimi asosida hajmiy
termoelektrik elementlarni tayyorlashning
texnologik imkoniyatlari  kompleks ravishda
o‘rganildi. Olib borilgan eksperimental izlanishlar
natijasida yugori samaradorlikka ega termoelektrik
materiallarni  olishda tarkibning stexiometrik
muvozanatini saglash, xalkogenlar bilan boyitish
darajasi hamda legirlovchi qo‘shimchalarning
tanlovi hal giluvchi omil ekani aniglandi.

Tadgiqot davomida p-tur yarim o‘tkazgich
material uchun optimal tarkib sifatida 74 mol.%
Sb.Tes va 26 mol.% Bi.Tes nisbatdagi qattiq
gorishma tanlandi. Mazkur tarkibda legirlanmagan
bazaviy material uchun elektr o‘tkazuvchanlik
0~980 Om!'sm' va Zeebek koeffitsiyenti a~197
mkV/K qgiymatlari gayd etilib, termoelektrik
samaradorlikning maksimal ZT giymati 320-340 K
harorat oralig‘ida kuzatildi. Bu holat Bi-Tes—Sb2Tes
asosidagi materiallarning past va o‘rta haroratli
termoelektrik  generatorlar  uchun istigbolli
ekanligini tasdiglaydi.

Tellur va selen bilan boyitishning material
xossalariga ta’siri tahlili shuni ko‘rsatdiki, har
ikkala element termoelektrik parametrlar nugtayi
nazaridan deyarli bir xil ta’sir ko‘rsatadi. Biroq
texnologik jihatdan bargarorlik, takrorlanuvchanlik
va sanoat sharoitida qo‘llash imkoniyatlari nuqtayi
nazaridan tellur bilan boyitish usuli ustunlikka ega
ekanligi aniglandi. Bio,sSbi,sTes asosida yarim
elementlarni tayyorlashda tellur bilan to‘yintirish
darajasining 0,25-1,0 og‘ir.% oraligida bo‘lishi
optimal natijalar berishi tajribaviy jihatdan
asoslandi.

Qo‘rg‘oshin bilan legirlashning ta’siri alohida
o‘rganilib, T>300 K haroratlarda Pb qo‘shimchasi
materialning termoelektrik xossalariga ijobiy ta’sir
ko‘rsatishi aniqlandi. Qo‘rg‘oshin ortiqcha tellur
bilan kam elastiklikka ega bo‘lgan PbTe birikmasini
hosil qilishi natijasida texnologik bug‘lanish
yo‘qotishlari kamayadi va materialning yuqori
haroratdagi bargarorligi ortadi. Shu bilan birga, Pb
legirlash zaryad tashuvchilar konsentratsiyasini
haddan tashgari oshirmagan holda, elektr
o‘tkazuvchanlik ~ va  Zeebek  koeffitsiyenti
o‘rtasidagi muvozanatni saqlash imkonini beradi.

Boshga  akseptor tipidagi legirlovchi
go‘shimchalar (Zn, Sb, Co) bilan solishtirganda,
go‘rg‘oshin zaryad tashuvchilar harakatchanligini
kamrog pasaytirishi va umumiy termoelektrik
samaradorlikka kamroq salbiy ta’sir ko‘rsatishi
bilan ajralib turadi. Bu holat Pb ni p-tur Bi2Tes—
Sb.Tes asosidagi hajmiy termoelelementlar uchun
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samarali legirlovchi element sifatida tanlashni ilmiy
jihatdan asoslaydi.

Umuman olganda, olib borilgan tadgiqotlar
natijalari Bi.Tes—Sb.Tes asosidagi p-tur hajmiy
termoelektrik elementlarni tayyorlash
texnologiyasini optimallashtirish, ularning elektr va
termoelektrik xossalarini boshgarish hamda yuqori
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Ob OAHOM METOAE PELLUEHUA KPAEBbIX 3A0AY ANA YPABHEHUA
YETBEPTOIO NOPAOKA, COOEPXALLEE TPETbIO NMPOU3BOAHYIO MO
BPEMEHU B NOJTYONPAHUYEHHbLIX OBJIACTAX

MenukysuneBa [unwoaa MyxTop>XOHOBHa
HamaHraHcknin rocyaapCcTBEHHbIN TEXHUYECKUA YHUBEPCUTET

MonyyeHo 1 gekabpsa 2025 r.; npuHaTO K ny6nvkauumn 15 gekabpsa 2025 r.

AHHoTaums. B naHHol paboTe paccmaTtpuBatoTcs KpaeBble 3a4ayun B NonybeckoHe HbIX obnacTsix Ans
YpaBHEHUS YETBEPTOrO NMOpsiAka C KpaTHbIMU XapakTepucTukaMu. EQUHCTBEHHOCTb peLleHWid MOCTaBNEHHbIX
3a4a4y [oKasblBalOTCS METOLOM 3HEpreTUYecknx MHterpanoB. CyllecTBOBaHME pELUEeHWUA YCTaHaBnMBaOTCA
METOAOM pasfeneHust nepeMeHHbIX. PelleHns nocTpoeHbl B SBHOM BuAe GeCcKOHEeYHbIX psgoB, 1 060CHOBaHbI
BO3MOXHOCTb MX MOYSIEHHOrO AnddepeHLMPOBaHNS NO BCEM NepeMEHHbIM.

KnioyeBble cnoBa: YpaBHeEHUS B YAaCTHbIX MPOU3BOAHLIX, YpaBHEHME YETBEPTOro nopsigka, KpaTHble
XapaKTepUCTMKK, KpaeBasi 3afjada, eOQMHCTBEHHOCTb, CYyLLeCTBOBaHWe, psabl, nonybeckoHeyHas obnacTb,
abcontoTHas M paBHOMeEpPHasi CXOAUMOCTb.

Annotatsiya. Ushbu ishda karrali xarakteristikalarga ega bo‘lgan to‘rtinchi tartibli tenglama uchun yarim
chegaralangan sohalarda qo‘yilgan chegaraviy masalalar ko'rib chigiladi. Qo‘yilgan masalalar yechimlarining
yagonaligi energiya integrallari usuli yordamida isbotlanadi. Yechimlarning mavjudligi o‘’zgaruvchilarni ajratish
usuli bilan aniglanadi. Yechimlar aniq ko‘rinishda cheksiz qatorlar shaklida qurilgan bo'lib, ularni barcha
o‘zgaruvchilar bo‘'yicha hadma-had differensiallash mumkinligi asoslab berilgan.

Kalit so‘zlar: xususiy hosilali tenglamalar, to‘rtinchi tartibli tenglama, karrali xarakteristikalar, chegaraviy
masala, yagonalik, mavjudlik, gatorlar, yarim chegaralangan soha, absolyut va tekis yaqginlashish.

Annotation: In this work, boundary value in semi-bounded domains are considered for a fourth-order
equation with multiple characteristics. The uniqueness of solutions of the posed problems is proved by the
method of energy integrals. The existence of the solutions is proved by the method of variables separation. The
solutions were constructed explicitly, in the form infinite series, an opportunity of term-by-term differentiation of
the series with respect to all variables is justified .

Keywords: Partial differential equation, fourth order equation, multiple characteristics, boundary value
problem, uniqueness, existence, series, semi-bounded domain, absolute and uniform convergence.

BBenenue B pabGore [7] paccmoTpena KpaeBas
M3yuenne MHOIMX 3ajad  Ia30BOM 3ajaya U1 ypaBHEHUs YETBEPTOro IMOpSAAKA
JUHAMUKH, TEOPUH YIIPYTOCTH, TEOPHUH INIACTUH BHa
u 000JI0YEeK NPUBOJUTCS K PACCMOTPEHHUIO _ — ( )
U, —U, = F(X1).

muddepeHIManbHbIX YpaBHEHHM B YaCTHBIX
MIPOU3BOJHBIX BBICOKMX NOpsAAKOoB. C TOUKH
3peHus bu3nyecKux IPWIOKEHN
MPEICTaBISIOT 001b1110H HHTEpEC u
muddepeHnranbHble  YpaBHEHUS 4ETBEPTOro
nopsika (cm. [1-4]).

Mouorpadus xypaesa T./., ComyeBa
A. [5] MTOCBSAIICHA KJaccuukanum
middepeHIManbHbIX YpaBHEHHH B YaCTHBIX
MIPOM3BOJIHBIX YETBEPTOro MOPSAAKA JUISl TaKUX
YPaBHEHHUH.

B pabote [6] paccMoTpeH kpaeBas 3a/1a4a
JUIs HEOAHOPOJHOTO YpPaBHEHUS YETBEPTOrO
MOpsAKa C KPaTHBIMH  XapaKTEepUCTHKAMH
coJiepaKalllel BTOPOX MPOU3BOIHOM 110 BPEMEHHU
B KOHEYHOH 001acTH.

B pabGore [8] Obuta pemiena 3amaya ¢
HAYaJbHBIMU U TPAHUYHBIMU YCIOBHSIMH JUIS
ypaBHEHUS KoJieOaHusl OaJIKu BUJIA

a’u,. +u, =0

B KOTOpOﬁ Oanka JJINHBI I , 3axKaTa Ha KOHIIax, B

XXXX

MAaCCHBHBIEC TUCKHU.

B pabore [9] paccmoTpena kpaeBas
3aJaya  JJis  OJHOTO  BBIPOXKIAIOIIETOCS
YpaBHCHHA BBICOKOI'O IOpsAAKa € MIaAlluMH
YIIeHAMHU.

B pabGorax [10-14] paccMoTpeHBI
KpaeBble 3aJaud [UIsl ypaBHEHUS TPETHETO
nmopsiika C KpaTHBIMU XapaKTCPHUCTUKAMMU,
coJepxalee  BTOPYKO  HPOHM3BOJHYIO IO
BPEMCHH.
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B  pab6orax [15-18] paccMoTpeHnsl Kpaesbie 3amaum Uit ypaBHEHHi
KpaeBbIC 3a7adu JJIsl YpaBHCHHUS C KpPaTHBIMU HCTBEPTOTO  MOpAAKa, COACPKAIMCES TPEThIO
XapakTepUCTHKaMH B [OJYOrPaHUYCHHBIX  IPOU3BOIAHYIO II0 BPEMEHHM MajlO M3y4eHHI [19-
00acTsIX. 22].

ITocTanoBka 3aaavd
B oomacrax D™ ={(x,y): 0<x<p, 0<y<+oo}u

D = {(X, y) : O<x<p, —o<y< 0} pPaccMOTPHM ypaBHEHHUE

L[u]=— -— =0, @)

rae P >0 - peiicTBuTENBEHOE UKCIIO, M IS HETO MCCIIEYEM CIEAYIONINE 3aauH.
3apaua A1 . Haittru pemenne ypaBuemus (1) B ob6mactu D™ wu3  kmacca
43 ,
u (X, y) eC,y ( D* ) N Cf)z, ( D"y Fl) , OrPAaHMYEHHOE TpPU Y —> +00, PAaBHOMEPHO 1O X W
u, €L, ( D* ) , YAOBJIETBOPSIOIIEE CIEAYIOIMM KPAEBbIM YCIOBHSIM:

U(0,¥)=Us(0.y) =U,(Py) =Up (P,Y) =0, 0<y<em, @
u, (x,0)=w,(x), u,(x0)=w,(x), limu,(xy)=0, 0<x<p, 3)

y—>+0
rne [, =0D" -rpanuna obmacru D7, wl(x) eC’ [0, p], l//z(X) eC? [O, p]- 3aIaHHBIE

GbyHKIUY, TpUYEM
V/l(o) = ‘//1, ( p) = ‘//1” (0) = l//lm ( p) =0,
‘//2(0):‘//2,( p):O-

3agaua /-\2 Haiitu pemenue ypaBuenus (1) B obmactu D~ w3 kmacca

(4)

U(X, y) € ny‘i ( D_) M Cf; ( D ur, ), OTPaHUYEHHOE TIpU Y —> —00, pPaBHOMEPHO MO X H
u, €L, ( D~ ) , YIOBIIeTBOpsIomIee KpaeBoMy yernosmio (2) mpu —00< Y <0 u

u, (X,0)=w;,(x), Jirpwuy(x, y)=limu,(x,y)=0, 0<x<p, (5)

y—>—0

rne I, = 0D - rpannua obnactu D™, y, ( X) eC? [O, p] - 3a7aHHas QYHKIMS, IPUYEM
W3(0)2W3,(p)20- (6)

E}IHHCTBCHHOCTL pemIeHusA

Teopema 1. Ecim 3anaan A u A, nmeror pelienus, To OHM €IMHCTBEHHBL.

Hoka3arenbcTBo. IIpennonoxum obpaTHOe, IMycTb 3amada A (Az) HMMEET JBa PELICHUS
Ul(X, y) u U, (X, y). Toraa ¢pynkus U (X, y) = Ul(X, y) —Uu, (X, y) YIAOBJIETBOPSET YPaBHEHUIO

(1) c omHapoaHBIME KpacBBIMHU yCiIoBUsAMH. Jlokaxem, urto U (X, y) =08 D" ( D~ )
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[ storo ypaBHenue (1) yMHOXMM Ha U, Toraa nosy4um

0

uL[u]s&

(Ul —uu ) —%(uuw —%ujj+ u2 =0. @)

Unterpupyst Toxzaectso (7) mo obmactu D, = {(X, y) 0<x<p, O<y< d}, rne d >0

NMECM

tel o 0 1 ¥
—(U-Uyy —U, Uy )+ —(—u -u +—u2ﬂdxdy + | [uZdxdy =0,
e sz o]

d

JLU(P ) (P Y) ~U(0,¥) U (0y) Jiy -

0
d

~JLu(Pry)(py) =, (0y)u (09 Jy - ®

Jlutxau, (xa)-u(x0, (x0) i

p
+%I[u§(x,d)—uj(x,0)]dx+_E[;[ufxdxdy =0.

0
Ecmu d —> +0, TO Dd — D". Vuursisas OJIHOPOJHBIE KpaeBbl€ YCIOBHUs 3a/1a4U Ai'
T.C. l//i(X):O, i=1,2, U cBoicTBa (DyHKIUU u(x,y) npu Y — +00, a TaKxke, 4Yro

u, €L, ( D* ) , 13 (8) momydyaem

p
L jim ui(x,d)dx+”ufxdxdy =0.
t

d
2 —>+000

N3 BTOpPOTI'O CllaracMoro uMeem
u,=0 = u(xy)=x-f(y)+f,(y), (xy)eD UT,.
rae fl ( y), f2 ( y) — [IPOU3BOJIbHBIE (YHKIMH, YAOBIETBOPSIOLINE BCEM YCIOBUSIMH 3a/1a4.

[Monaras X =0, umeem

u(0,y)=f,(y)=0 = f,(y)=0,

a X= P, umeem
u(p.y)="f.(y)=0.
CnenoBarensHo, U (X, y) =0,8 D" UT].
Wnrerpupys toxzaecto (7) mo obmactu D, = {(X, y) 0<x<p, —-c<y< O}, c>0
YYUTBIBasg OTHOPOIHBIE KPAeBEIE YCIOBUA 3aa4l Az u cBoiicTBa pyHkuuu U ( X, y) npu y — —0,

a taxke uro U, € L, ( D ), HOIYYHM
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llou2 x,0)dx + |[uZdxdy =0.
2 y( )
3

0
OTcroia CleyerT, 4To U(X, y) =0s D U,
4.CymiecTBOBaHUE pPelleHUs

C 1menblo [0Ka3aTenbCTBA CYIIECTBOBAHMS pelleHus, 3agada A (Az) paccMoTpuM

CIIEIYIOIIYI0 BCIIOMOTATeNbHYIO  3aJady: HaWTH HeTpUBHAIbHOE penieHue ypaBHeHHs (1),
YIOBJIETBOPSIOIIME YCIOBHUIIMU 33]1a4 U MPEJICTABUMOE B BHJIE

u(x,y)=X(x)-Y(y). 9)
[Toncranss (9) B ypaBaenue (1) u pasmensisi mepeMeHHbIC, UMEEM CIECIYIONIYIO 3a/1a4y, 10
nepemenoii X :

x4 AX
(9-2X 0
p

X(0)=X (p)

x)=0,
=X"(0)=X"(p)=0,

rie A mapamerp paseneHus.
Tenepp Haiizem coOCTBeHHBIC 3HaUeHUs U coOcTBeHHbIC (yHKIMHK (10). CHavaa onpenenum 3HaK

A, Ans 3TOro yMHOXHUM ypaBHeHMe B 3aiade (10) Ha X U NPOUHTErPUPYIO, C YUETOM TPAHUUYHBIX
YCIOBUH MOJTYYUM

X X"I

0

p p

P XX (XY dx= A X Pdx
0 0

p ) p

I(X”) dx :ijzdx.

0 0

Orcroma, A > 0.
Mycts A =0, Torma o6mee penrenne ypapaenue B 3agaue (10) uMeeT BUA:
X (x)=Cx*+C,x* +C,;x+C,, (11)

rae C, — IpOM3BOJIBHBIC IIOCTOSHHBIC. YUHTHIBasi FPaHUYHbIC yciioBus 3agaun (10), momyanm
(X (0)=C, =0,

X "(0)=C, =0,

X(p)=C,p*+C,p*+C,p+C, =0,
| X"(p)=6C,p+2C, =0,

nerko moxHuo yoemurest us cucremp: C; =C, =C, =C, =0. 3naunr, npu 4 =0 3anaua (10),

MMEET TOJBKO HyJIeBoe pemenne. Otcroaa momydnm, uro A > 0.
Torma obmiee pemenue ypasuenus (10) npu A > 0, umeer Bux

X (x)=Ce"™ +C,e¥ + C,cos¥/Ax+C,sin{ix,
(12)

rae C, — NpOM3BOJIBHBIC IIOCTOSHHBIC. YUHTBIBas ycinoBust 3a1au (10), moxydum cucreMy
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(X(0)=C,+C, +C, =0,
X"(0)=C,+C,-C, =0,

X'(p):CleWp—Cze‘wp—Cssini‘/zp+C4cos<‘/Ip:O, (49
[ X"(p)=Ce?* —Ce " —C,sin¥/ap-C,cos{/ip=0.
Cucrema (13) nmeer nerpusnanshoe pentenne npu A =0, r.e.
1 1 1 0
1 1 -1 0
A= e e ¥ _sin4ap cos¥ip =~4cos2p-chizp=0.
er e _gin Yap —cos¥ap
Tak Kak Chf/zp # 0, Torna COS(l/Ip =0, orcrona,
4
AF{ZLQH—DJ,HEN. (14)
2p

Jlerko MokHO Bbruncanth ko3 duuments cucremst (13), re. C,=C,=C, =0, C,#0.

Ot uncna (14) seistorcst coOCTBeHHbIMH 3HaueHHUsAMH 3amad (10), a cCOOTBETCBYyIOIIUE HUMH

COOCTBEHHBIC (DYHKIIUU UMEIOT CIICAYIOIIUHN BU/:

Xn(x):\/%sinzi(Zn—l)x. (15)

P

NssectHo [23], uTo cucrema cobctBenHbix GyHKImi (15) 3amaun (10) sBiseTcst MONHONW U

opTOHOpMHUpOBaHHO# B L, (0, p).

CHauaza paccMOTpHUM 3aJady Al' U3 (9), s Y, (y) MMEEM CIIEAYIOLYIO 3a7a4y:

Y, (y)-4Y,(y)=0,
Y. (0) =y,

Y (0)=y,,,
limY,(y)=0,

Yy—+

(16)

e v, = [ (€)X, (§)dé, i=12.

Oob1iee penieare ypaBHeHus B 3amaue (16) nmeer Buj

1
Y. (y)= C,e™ +e 2 (CZn cos[?knyJ +C,, sin [?knyn, (17)

TIe kn = ,3M,n ,a G, =1,3 noka HeU3BeCTHBIE TOCTOSHHBIE.

VY noBneTBopuB ycinoBusM 3aaaun (16), u3 (17) umeem
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C _ Vi Vo

= ) 18
2n k kZ ( )

3n = \/_Tkn%" —\/—3—k§'//2n’

e Yy, u Y, - kooppuunentsr Oypbe GyHKuui l//l(X) uy, (X) T.€

J.l//l é: J-l//z df

B ,I[aJ'IBHeI/II_HeM MaKCHUMAJIbHOC 3HAYCHUE BCEX HaI/I,Z[eHHI)IX IOJIOXKHUTECIBbHBIX U3BECTHBIX YHCCII
B OIICHKAax 6YI[€M 0003HaYaTh ucepe3 M .

WHTterpupys 1o yactsam l//l(X) 4eTeIpe pasa, Y/, (X) JIBa pa3a U INPUHMMAas BO BHUMaHUE

ycnoBue (4), MOTy4uM OLICHKH:

v v
|’//1n|S M | n411n|' |‘//2n|S M |n—§n|’

rac

=fwf“)(5)xn(é)d§,

W, = 1, (€)X, (£)dé.

VYuurtsiBas 3TH oleHKH, U3 (18) momyuum

Vin| | [Wan Py, ¥,
cul <l el e gl Bl
(19)
C l |l//1n| 1 |l//2n| < M |\P1n| M |‘P2n|
| 3n| \/— |k | n16/3 + n14/3 :

Pemienue 3agayua Al HUMCECT BU

u(x,y)zixn(x) B {Cchos[gk yj+C3nsm{£k yD (20)

n=1

JlokaxkeM aOCOIIOTHYIO M PABHOMEPHYIO cXOAUMOCTh psizia (20). YuuteiBas (19) nomyurm
oreHKy psna (20) B Bume

© Y b4
) S ol e m S, 9 e Bl e

Ortcrona cneayert, uto psa (20) cxoauTcst abCOMIOTHO U PABHOMEPHO.
Tenepsb nokaxkeM, 4To Mpou3BoaHbIE psiga (20) Bxomsmme B ypaBHeHHE (1), Takke CXOAATCS

+
abCoMIOTHO 1 paBHOMEpHO B obnmactu D™ U I . Jlns storo Beraucisiem mponssonusie mo Y us (20)
u yuutsiBas (19), umeem
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6 [eo]
< Slcal e ol Sl L)

oy = N = n

Ucnonb3ys nepaBenctBo Komm-bynsikoBckoro u beccens, moayduum

ool{ln 0 0 0
wSlal. Sief 5L ouglidon B [, <o
n=l N n=1 n=1

nln

TaK KakK

Zl‘l’znl = II‘PznllLZOp
n=1
) ou
CHeHOBaTCHBHO, paa, COOTBCTCTBYIHOIINH (bYHKHI/H/I _3 , CXOJHUTCA a6COJ'IIOTHO nu

paBHOMEPHO. AOCOJIOTHAS W PaBHOMEpPHAs CXOIUMOCTh YETBEPTOW Mpom3BoAHOM mo X psma (20)

o'u %
CJIGI[yeT nu3 paBeHCTBa —_— = —3 1 JOKA3aHHOI'O BBIIIC.

ox*
Teneps pacemotpum 3anaqy A,. U3 (9), mus Y, (y) MIMEEM CIIEYIONIYIO 337124y

Y, (¥) =AY, (v) =0,
Yn” (0) = l//3n’
Jim ¥'(y) = Jim ¥*(y) =0,
p
rae Ys, :J.W3(§)xn(§)d§-
0
CnenoBarenbHo, B (17) HeoOXOAMMO CYHTATh, YTO Cln = %, CZn = an = (. Torma

byukiwst (17) umeet BUa
Y, (y)=C,e",

Vs, - koodduunent @ypre GyHKmii l//s(X), T.C.
p

Ve =[5 (€)X, (¢)de.

0

ITpyHuMas Bo BHUMaHKE ycaoBHe (6), HHTErpupys MO YacTsaM Y/, ( X) JIBa pa3a MoJyuyum

OIICHKY | |
LP3n

ni4/3

C,.|<M (21)

rae
. " . T
T3n_£W3 (5)5”1[5(2]1—1)5](15

Teneps B cuny (15), pemenne 3anaun A, umeer B
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o0 kn
u(x,y)=> Cne"X,(x). (22)
o
JlokaxkeM aOCOJIFOTHYIO U PABHOMEPHYIO CXOIUMOCTh psifa (22). YuutsiBas (21), u3 (22)
MOJY4UM
Y,
u(x,y |<Mz nl“/g <.
n=1

Orcrona ciemyer, 4to psig (22) cXoauTcs aOCOFOTHO U PABHOMEPHO.
Tenep mokaxkeM, 4TO MPOU3BOAHBIE psina (22) Bxojsmue B ypaBHeHHe (1), Takxke cxomsrcs

a0COJIIOTHO U PaBHOMCPHO B obnactu D ) FZ . Z[J'IH 9TOI'0 BBIYHCIAEM IPOU3BOAHBIC 10 y nu

yuuTbiBas (21), umeem

d N .
pe SN (CHIEY |<M(Z| 233'}'

= n

Hcnons3ys HepaBeHcTBO Kommu-byHskoBckoro u beccens, noiryunm

63

TaK KakK

=1
<SSk L

= n

© 2 2
nz;,|‘{’3n| :E”T?’n”Lz(O,p)'

CrnenoBatenbHO, psijl, COOTBETCTBYIOLIHIMA
3
o°u
byHKIIUU F, CXOaUTCA aOCOJIOTHO W
paBHOMEpHO. AOCONIOTHasT M paBHOMEpHas
CXOJIMMOCTh YETBEPTOM MNPOM3BOAHOW 1O X
4 3
- Jo'u_ ou
psna (22) cnenyer U3 paBeHCTBA ——; = ——5 H
ox' oy

JOKa3aHHOT'O BBIIIIC.

Jlureparypa

1. Typbun M.B. HccnenoBanue HayalbHO
KpaeBoll 3amauv JUIs  MOJEIM  JBUIKECHMS
xunkoctu ['epumie - banku . Becm. Boponeoic.
Toc. Yu-ma. Cep.@us. Mam. -2013. Ne 2. - C.
246-257.

2. Vuzem JIx. JluHeWHble M HEIMHEWHBIC
BOJIHBL.-M.: Mup,1977.-622 c.

3. [Ma6poB C.A. O6 oneHkax QyHKIMHA
BIUSHUSA OJHOW MaTeMaTU4eCKOW MOJENH
4yeTBEPTOrO nopsaka. Becm. Bopoueowc. [oc. Yu-
ma. Cep. @uz. Mam. -2015.20(2) - C. 168-179.
4. Benney D.J.Luke ,J.C Interactions of
permanent waves of finite amplitude . J. -Math.

WTak, MBI 10Ka3aaH CIEAYIONIYIO
TEopeMy.
Teopema 2. Ecin byHKIIUN

w,(x)eC*[0,p], w,(x)eC?[0,p], =23,
U BBITIONHSAIOTCA YCinoBus (4) u (6), TO pereHus

3agaduun Ai u A2 CyIIeCTBYIOT, n

npeacrapinsitores B Buge  (20) u (22)
COOTBETCBEHHO.
Phys. -1964. 43, -P.309-

313. doi.org/10.1002/sapm1964431309

5. Jlxkypaes T.JI., ComyeB A. K Teopuu
T depeHMaIbHbIX YPaBHEHUH B YacTHBIX
MIPOM3BOJHBIX UYETBEPTOro mopsiaka. TairkeHT.
«Pany». 2000.-144 c.
6. AmanoB /I, MypzamberoBa M.B. Kpaeas
3aja4a s ypaBHEHHUs UYETBEPTOIO MOPsJKA C
MJIQAIMIAM YJ€HOM. Becmu. Yomypmck. yn-ma.
Mamem. Mex. Komnvrom. nayxu, -2013, Belltyck
1.-C. 3-10. DOI: 10.20537/vm130101.
7. AmanoB /l. , bekueB A.b., OrapoBa XK. A .
KpaeBas 3amaua ayis ypaBHEHUSI YETBEPTOTO
nopsaka. Y3zo.mam.ocypuan. -2015, -Ned, -C.11-
18.

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 4. 2025


https://doi.org/10.1002/sapm1964431309

MATHEMATICS

8. CaburoB K. b. Konebanus Oanku c
3aCJIaHHBIMH KOHIIAMHU. Becmu. Cam. ecoc. mexn.
yu-ma. Cep. @uz.-mam. Hayku.- 2015, Tom 19,
Ne 2.-C. 311-324.
https://doi.org/10.14498/vsgtu1406

9. Uprames b.}O. KpaeBas 3amaua ni1st 01HOTO
BBIPOXKIAOIICTOCA YpaBHCHUA BBICOKOTI'O
nopsagka ¢ MJIaAIIUMHK YJICHAMH . Bronnemens
Hncmumyma mamemamuxu. -2019, -Ne6. -C.23-
29.

10. Dzhuraev T.D., Apakov Yu.P. On the theory
of the third- order equation with multiple
characteristics containing the second time
derivative. Ukrainian Mathematical Journal .-
2010.-62, -pp.43-55.
https://doi.org/10.1007/s11253-010-0332-8
11.Apakov Yu.P.,Rutkauskas S. On a boundary
problem to third order PDE with multiple
characteristics. Nonlinear Analysis: Modeling
and Control.Vilnius,2011. —Vol.16.-No3. -pp.
255-269. DOI:10.15388/NA.16.3.14092

12. Apakov Yu. P. On the solution of a boundary-
value problem for a third-order equation with
multiple characteristics. Ukrainian
Mathematical Journal.-2012.- 64 (1), -pp.1-11.
https://doi.org/10.1007/s11253-012-0625-1

13. Apakov Yu. P. On unique solvability of
boundary-value problem for a viscous transonic
equation. Lobachevskii Journal of Mathematics,
-2020.-41, -pp.1754-1761.
https://doi.org/10.1134/S1995080220090036
14. Apakov Yu.P., Umarov R.A. Solution of the
Boundary Value Problem for a Third Order
Equation with Little Terms Construction of the
Green’s Function. Lobachevskii Journal of
Mathematics, -2022.-43,-pp.738-748. DOI:
10.1134/5199508022206004 X.

15. AnakoB lO.I1. K pemenuto kpaeBbIX 3amau
IJIL YpaBHCHHUA B HECOTPAHUYCHHBIX 00JacTaX .
Hoknaovr  Axademuu  Hayxk  Pecnybnuku
Vsz6exucman. —Tamxkent, 2006. —Ne3. —C. 17-20.
16. Anakos FO.I1. Pemrenne kpaeBbIX 3a1adq Jist
YpaBHCHHA TPETHEro IOpdKa C KpaTHBIMH
XapaKTCPUCTHUKAMU B HCOTPpaHNYCHHBIX
obrnactax . Mzsecmusn Kabapouno-bankapckozo
Hayunoz2o yeumpa PAH. —Hanpuuk, 2008. -
Ne2(22). —C. 147-151.

17. AmaxoB IO.II., Xypae A.X. Kpaesie
3aiauu  [Jid  YpAaBHCHHUA IISITOrO IOpdgAaKa C
KpaTHbIMU XapaKTePUCTUKaMH B OECKOHEUHOI
obnactu .V3bexuckuti  mamemamuuecxuii
arcypran. 2009, Ne4 - C. 21-28.

57

18.Apakov Y.P., Hamitov A.A. On solution of
the boundary value problems posed for an
equation  with the third-order  multiple
characteristics in semi-bounded domains in three
dimensional space. Boletin de la Sociedad
Matematica Mexicana, 2023, Vol.29,58. pp.2-
14. https://doi.org/10.1007/s40590-023-00523-1
19. AmanoB /I.,CxkopoboraroBa J.P. Kpacssie
3aga4u OJid YypaBHCHUSA IIeTBépTOFO IopsaKa.
Becmnux KazHY cep.mam.,mex., ungh. -2009 2
-Ne 4(63).-C.16-20.

20. Apakov Yu.P., Melikuzieva D.M. On a
problem for a fourth-order with multiple
characteristics containing the third time derivate.
Lobachevskii Journal of Mathematics, 2023 Vol.
44, No. 8, pp.3218-3224.
DOI:10.1134/51995080223080061

21. Apakov Yu.P., Melikuzieva D.M. On a
boundary problem for the fourth order equation
with the third derivative with respect to time.
Bulletin of the Karaganda
University.Mathematics Series,
No0.4(112),2023,pp.30-40.
DOI:10.31489/2023M4/30-40

22. Apakov Yu.P., Melikuzieva D.M. On the
solution of a boundary problem for a fourth order
equation containing a third time derivative in
semi- bounded domains. Uzbek Mathematical
Journal, 2024, Volume 68 , Issue 3, pp 5-11.
DOI: 10.29229 / uzmj. 2024-3-1

23. Anakos lO. II., Ymapos P. A. O nonnHote
COOCTBEHHBIX (PYHKIIMN KpaeBOM 3adaud  C
HECUMMCTPUYIHBIMU YCIIOBUAMU JJISI YPABHCHUSA
TPETHETO nopsaka C KpaTHBIMH
XapakTepUCTUKaMU. MeXayHapoaHass Hay4dHas
koH(pepeHuus “Hekmaccuueckue ypaBHEHHUS
mareMaTnuecko ¢usuku”’, Tamkent. 24-26
oKTs0ps 2024.

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 4. 2025


http://dx.doi.org/10.15388/NA.16.3.14092
https://doi.org/10.1007/s40590-023-00523-1

MATHEMATICS

58

O‘NG TOMONI NOMA’LUM TOR TEBRANISH TENGLAMA UCHUN
TESKARI MASALA

Muzaffar Azizov, Kamolaxon Rasulova

Farg‘ona Davlat Universiteti, Murabbiylar ko‘chasi.19, 150100, Farg‘ona O‘zbekiston

2025-yil 20-noyabrda berilgan; 2025 yil. 10-dekabr chop etish uchun gabul gilingan

Annotatsiya: Ushbu maqolada o‘ng tomoni noma’lum funksiyadan iborat bo‘lgan tor tebranish
tenglamasi uchun to'g‘ri to‘rtburchakda lokal masala bayon gilingan va o‘rganilgan hamda uning
yechimining yagonaligi va mavjudligi hagidagi teoremalar spektral usul bilan isbotlangan.

Kalit so‘zlar: To‘g'ri to‘rtburchakli soha, tor tebranish tenglamasi, teskari masala, lokal masala.

AHHOTaumA: B gaHHOW cTaTbe paccMOTpeHa M UccredoBaHa fokanbHas 3agada Ans ypaBHeHus
konebaHuii CTPyHbI B NPSIMOYrofnibHON 061acTu, NpaBas YacTb KOTOPOro COAEPXKUT HEM3BECTHYIO DYHKLIMIO.
Teopembl O CyLLLECTBOBAHUN Y €0UHCTBEHHOCTM pPeLLEHWS JOKa3aHbl CNeKTparbHbIM METOAOM.

KnroueBble cnoBa: npsiMmoyronsHas obnactb, ypaBHeHue konebaHui CTpyHbl, o6paTHas 3agava,

NoKalnbHaA 3agava.

Annotation: In this article, a local problem for the string vibration equation in a rectangular domain,
whose right-hand side contains an unknown function, is formulated and studied. The existence and
uniqueness theorems for its solution are proved by means of the spectral method.

Keywords: rectangular domain, string vibration equation, inverse problem, local problem.

KIRISH

To‘g‘ri  to‘rtburchakli
tomoni noma’lum bo‘lgan tor
tenglamasini o‘rganish nazariy va amaliy
jihatdan muhim ahamiyatga ega. Bunday
tenglamalar  ko‘plab  fizik  jarayonlarni
ifodalaydi. Masalan, mexanik va elektromagnit
tebranishlar, akustika, geofizika, issiglik
o‘tkazuvchanligi va boshqa mubhitlarda
to‘lginlar tarqalishini ifodalashda uchraydi.
Amaliy masalalarda tizimga ta’sir etuvchi
manba funksiyasi yoki kuch ta’siri ko‘pincha
noma’lum bo‘ladi. Shuning uchun bu manba

sohada o‘ng
tebranish

funksiyasini ma’lum o‘lchashlar asosida qayta
tiklash dolzarb hisoblanadi.

Ushbu ishda qaralayotgan masala
klassik tor tebranish tenglamasi uchun teskari
masala bo‘lib, boshlang‘ich va chegaraviy
shartlar hamda oxirgi vaqtda berilgan sharti
orgali U(X,t) va f(X) funksiyalarini aniglash
talab qgilinadi. Bu turdagi masalalar
konstruksiyalar mustahkamligini aniglash, turli
signallarni gayta ishlash, geofizik tadgiqotlarda
yer osti gatlamlaridagi manbalarni tiklash kabi
amaliy sohalarda qo‘llaniladi.

So‘nggi yillarda to‘lqin tenglamasi va
unga o‘xshash giperbolik tenglamalar uchun

teskari masalalar bo‘yicha keng qamrovli
tadgiqotlar olib borilgan. Masalan, I.Knowles
va M.Yamamoto [1], V.G.Romanov [2] hamda
O.Imanuvilov va M.Yamamoto [3] ishlarida
to‘lgin  tenglamasining o‘ng  tomonini
chegaraviy shartlar asosida aniglashga oid
mavjudlik, yagonalik va turg‘unlik masalalari
tahlil gilingan. A.Hasanov [4] ishida X va t
bo‘yicha ajraluvchi manba funksiyalarini
tiklash usullari o‘rganilgan. Shuningdek,
teskari masalalar bo‘yicha A.K.Urinov va
M.S.Azizovlar [6] ishda to‘rtinchi tartibli
xususiy hosilali tenglama uchun o‘ng tomoni
noma’lum bo‘lgan chegaraviy masalani ko‘rib
chigib, unda Furye usuli yordamida yechimni
qurish va yagonalik teoremasini isbotlashgan.
D.A.Tursunov va hammualliflari [7] xususiy
hosilali differensial tenglamalar uchun teskari
masalaning yechish shartlarini tekshirgan.
R.R.Ashurov va R.T.Zunnunov [8] esa aralash
tipdagi tenglamalarda kasr tartibli hosila
qatnashgan teskari masalalarni o‘rganishgan.
Bundan tashqari, E.Azizbayov [9] giperbolik
tenglama uchun noma’lum koeffitsientni
integral shartlar asosida aniglash masalasini
tahlil gilgan, D.K.Durdiev va T.R.Suyarov [10]
ishda ikki o‘lchovli to‘lqin tenglamasi uchun
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teskari koeffitsient masalasini ko‘rib chigqan.
Ushbu ishlar teskari masalalarni yechishning
turli  usullari  va ularning
ta’minlash yo‘llarini ko‘rsatadi. Shu asosda

turg‘unligini

59

funksiyalarini  aniglashga qaratilgan. Bu
masalaning ahamiyati shundaki, bunday turdagi
teskari masalalarni o‘rganish orqali fizik
jarayonlarda manba funksiyasini gayta tiklash,

bizning ishimiz to‘g‘ri to‘rtburchakli sohada tor
tebranish tenglamasi uchun u(X,t) va f(x)

signallarni  tahlil qilish va qurilmalarni
loyihalash imkoniyatlari kengayadi.

ASOSIY QISM.
Q= {(X,t) 0<x<p,0<t <T} to‘g‘ri to‘rtburchakli sohada
Lu =u, —a’u, =Q(t) f (x) )
tenglamani garaylik, bu yerda p va T - berilgan hagigiy mushat sonlar, Q(t) - berilgan ma‘lum

funksiya, U = u(X,t) va f (X) - lar esa noma’lum funksiyalar.

Masalaning qo‘yilishi.

Teskari masala. Q sohada shunday u(X,t) va f (X) funksiyalar aniglansinki,
u(x,t) eCi’i(ﬁ)mef(Q), f (X) S C(O, p)m L[O,T], bo‘lib, ular birgalikda (1)

tenglamani va u(x,t) esa ushbu

u(x,0)=g,(x), 0<x<np, @
U (x,0)=p,(x), 0<x<p, 3)
boshlang‘ich shartlarni hamda
u(0,t)=0, u(p,t)=0,0<t<T; )
u(x,T)=gy(x), 0<x<p (5)

chegaraviy shartlarni ganoatlantirsin, bu yerda ¢, (X), 1=1,2,3 - berilgan ma’lum funksiyalar.

Masala yechimining yagonaligi.
Quyidagi teorema o‘rinli:

Teorema. Agar T, p sonlarva Q(t)eC?[0,T], Q"(t)eL(0,T), Q"(t) funksiya
[O,T] ishorasini o‘zgartirmaydigan bo‘lib u uchun shunday &, =const>0 son mavjud

bo‘lsinki,
T
4] Q(r)sinat, (T -7)dr >4, (6)
0
tengsizlik o‘rinli bo‘lsin, u holda (1)-masala bittadan ortiq yechimga ega bo‘lmaydi, bu yerda

om l\/Q2(0)+ P Q70 - QM -QO]%0. 4, =nz/p, nEN.

0y =

a a’rm
Isbot. Teskaridan faraz gilamiz. Qo‘yilgan masala f,(x), f,(x) va u,(x,t) u,(x,t)
yechimlarga ega bo‘lsin. U holda, ularning fargini
f.(x)—f,(x)=f,(x), (7)
u (x,t)—u,(x,t)=u(xt) (8)
deb olsak Uu(X,t) va fy(X)funksiyalar birgalikda
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U, —a’u, =Q(t) f,(x), 9)

tenglamani, u(X,t) funksiya esa (2), (3), (4) va (5) shartlarga mos bir jinsli shartlarni

ganoatlantiradi.
Ma’lumki,

Xn(x):\/zsinﬂnx,ﬂn:n—”, n=12,.. (10)
p p

sistema L, (O, p) fazoda to‘la ortonormallangan sistemani tashkil giladi.

Quyidagi funksiyani garaymiz:
0,(t)= [u(x )X, (x)dx, n=1.2.. )
(12) funksiyani 0
q,,(t)= pJ:gu(x,t)xn(x)dx, O<e<p,(ep-¢)=2(12)
ko‘rinishida yozib olamiz. '
(12) tenglikni t bo‘yicha ikki marta differensiallab, quyidagi tenglikni hosil gilamiz:
p—s
ar, (V)= [ u ()X, (x)dx.
(9) tenglamadan foydalanib oxirgi tengliknisquyidagicha yozish mumkin:
qr,(t)=a’ j o (60X (x)dx+Q(t) j o(X) X, (x)dx. (13)
(13) tenglikni o‘ng tarafidagi blrlnchl integralni ikki marta bo‘lelab, so‘ngra undan & —0
limitga o‘tib, quyidagi ifodani hosil gilamiz:

lim g7, (t) =a”lim[ X, (p—&)u, (p-&.t) = X, (£)u,(e:t) ]-
—a’ m[x;(p—g)u(p—g,t)—xg g)u(et ]—
“at2lim | u(xt)X, (X)éx+Q(0) | f,(x)X, (x)dx

& &

Bu ifodadan (4) chegaraviy shartlarga mos bir jinsli chegaraviy shartlardan va Xn(X)
funksiyaning xossalarida foydalanib quyidagi tenglikni olamiz:

g (t) = —aZ/IZJ'u (1) X, (x)dx+Q(t jf (x)dx, n=12,..

Oxirgi tenglikdan (11) tengllknl e’tiborga olib, quyldagl oddiy differensial tenglamani hosil
gilamiz:

oy () +a’A7q, (1) jf n=12,.. (14)
Bu tenglamaning umumiy yechimi quyldagl ko rinishga ega:

q,(t)=C,,cosalt+C,, sinat

r)sinad,(t—7)dz, n=12,.., (15)
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P
bu yerda C,, va C,, - ixtiyoriy o‘zgarmas sonlar, f_ =I fo (X)X, (x)dx
0

Endi C,,, C,, va f_ koeffisientlarni aniglaymiz. Buning uchun (15) umumiy yechimni
(2), (3) boshlang‘ich va (5) chegaraviy shartlarga mos bir jinsli shartlardan, (11) tenglikka asosan
hosil gilingan

9.(0)=0, q,(0)=0, q,(T)=0 (16)

shartlarga bo‘ysindiramiz. Natijada (16) ning dastlabki shartidan C,, =0, C,, =0 ekanligi kelib
chigadi. (16) ning uchinchi shartiga asosan esa

r)sinad, (T —7)dr =0,
tenglikka ega bo‘lamiz. Hosil bo° lgan bu tenglikdan A # 0 bo‘lganligi uchun
T
f,- 4] Q(7)sinad, (T -7)dr =0,
0

Tenglikni hosil gilamiz. Budan esa (6), shartga asosan f, =0 ekanligi kelib chigadi.
Yugoridagilarga ko‘rinadiki, 0, (t):O, Vte [O,T]. U holda, (11) tenglik quyidagi
ko‘rinishni oladi:

ju xt dx 0, n=12,...

Demak, u(x,t) funksiya (10) to‘la sistemadagi barcha funksiyalar bilan ortgonal ekan. Bu esa
u(X,t) funksiya € sohaning deyarli hamma joyida u(X,t):O ekanligi kelib chigadi.
u(x,t)eCX’t(ﬁ) ekanligidan va (2)-(5) shartlarga mos bir jinsli shartlardan
u(x,t)=0 (x,t) e () ekanligi kelib chigadi. Ushbu mulohazalami

f =

n

fo (X)X, (x)dx=0, n=1,2,...

O e

tenglik uchun ham takrorlab, f0 (X) =0 ekanligini topamiz.

Buni e’tiborga olsak, (7) va (8) tengliklardan fl(x): fz(X), ul(x,t)zuz(x,t)

tengliklar kelib chigadi. Bu esa (1) masala yechimga ega bo‘lsa, u yagona bo‘lishini bildiradi. 1-
teorema isbotlandi.

Izoh. (6) tengsizlik o‘rinli bo‘lishini ta‘minlovchi T , P va Q(t) lar to‘plami bo‘sh emas.
T va p nitanlab olish mumkin, bu yerda a — berilgan son.
(6) integralni ikki marta bo‘laklab quyidagi ko‘rinishga ega bo‘lamiz:

A=1,[ Q@)sinaz, (T —r)dr = - Q(T) -
0 a a

n

—7)dz.

Endi berilgan ifodadagi integralni hisoblashda o‘rta qiymat haqidagi teoremadan foydalanamiz,
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14

= EQ(T) —EQ(O) cosalT — 21
a a a4,

yoKki

1 r2
=EQU)——\/ (0)+ 222 O

1
Q'(0)
Q(O) cosaA,T + at, sinaA,T |-
\/Q (0)+ P Q'2(0) \/Q (0) . P Q'2 (0)
Sina = Q(O) , COSa =
\/Q O+ 2 L, Q7(0) \/Q2(0)+ Q0

belgilash kiritsak ohirgi tenglik
1 1 1
:gQU)_g\/Qz(O)—i_ 242

n

Q?(0)[sinacosad,T +cosasinal,T |-

Yoki
Al ‘Qm‘ \/Q O+ ZQ'Z(O) sin( a+aﬂ\ —|S|na/1(l' t)[Q(M-Q0)[

1 2 2
—g\/Q (0)+ 2/12Q (0) -

—1\/Q2(0)+ P ZQ'Z(O)—TpIQ'(T)—Q'(O)I=
a a T a T

Masala yechimning mavjudligi.

Masala yechimining mavjudligini ko‘rsatish uchun o‘zgaruvchilarni ajratish usulidan
foydalanamiz.

2-teorema.

Agr g (X), 0 ( )eC*[0, p] A ( p) (pf)(X),wé‘”(X)eLz(O,p),
2" (0)="(p)=0, ¢ (0)=¢" (p)=0, #,(x)=C*[0,p]NC*(0,p),
(pg)(x)e LZ(O, p), goz ( ) g ( ) 0, i=0,1 shartlar bajarilsa, masalaning yechimi

mavjud.
Isbot. Avval (1) tenglamaga mos bir jinsli tenglamaning (4) shartlarni ganaoatlantiruvchi
trivial bo‘lmagan yechimlarini topamiz. Bunday yechimni quyidagi ko‘rinishda gidiramiz.

u(x,t)=X(x)T(t). (17)
(17) ifodani (1) tenglamaga mos bir jinsli tenglamaga qo‘yib, o‘zgaruvchilarni ajratib, quyidagi
tenglikni olamiz:
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M X
a'T(t) X(x)

Oxirgi tenglikni o‘ng tomoni fagat Xo‘zgaruvchiga, chap tomoni esa fagat t

o‘zgaruvchiga bog‘liq, bundan ko‘rinadiki, bu tenglik o‘zgarmas songa teng. Uni e 0‘zgarmas
songa tenglab, X (X) va T (t) funksiyalarga nisbatan quyidagi oddiy differensial tenglamalarni
hosil gilamiz:

X"(x)+A*X (x)=0,0<x<p; (18) T"(t)+a’A’T(t)=0,0<t<T. (19)
(18) tenglamaning umumiy yechimi quyidagi ko‘rinishda aniglanadi.
X (x)=m, cosAx +m,sinAx, (20)

bu yerda m;, j= ﬁ - ixtiyoriy o‘zgarmas sonlar.
(4) chegaraviy shartlardan (17) ga asosan quyidgi shartlar kelib chigadi:
X(0)=X(p)=0,

(20) yechimni oxirgi shartlarga bo‘ysindirib, trivial bo‘Imagan quyidagi yechimlarni topamiz:

X, (x)= m2nsm . “x,n=12,. (21)

bu yerda m,, =const =0, N e N - ixtiyoriy o‘zgarmas sonlar.
(21) da m,, = \J2/p, neN deb olsak, (10) ko‘rinishidagi to‘la ortonormal sistemaga

ega bo‘lamiz.

(19) tenglamaning A = A ga mos trivial bo‘Imagan yechimini T, (t) bilan belgilasak, (1)
tenglamaga mos bir jinsli tenglamaning (4) shartlarni ganoatlantiruvchi sanogli sondagi
T (t) X, (X) ko‘rinishidagi yechimlarga ega bo‘lamiz.

Endi qo‘yilgan masalani yechimini quyidagi qator ko‘rinishida qidiramiz:

=20,(1)-X, () @)

(28) gatorni (1) tenglamaga go‘yib quyidagi ter_mglamani olamiz:
Z[u;’(t)+azﬂfun (t)] X, (x)=Q(t) f (x). (23)
n=1
(23) tenglamani o‘ng tarafidagi f (X) funksiyani (0, p) intervalda {Xn (X)} sistema bo‘yicha
Fure gatoriga yoyamiz:

f(x)=>f,-X,(x), (24)

bu yerda f_ :I f(x)X,(x)dx, n=12,....
0
(24) ni (23) tenglamaga qo‘yib quyidagi differensial tenglamani hosil qilamiz:

ur(t)+a*Azu, (t)=f,-Q(t), n=12,... (25)

(25) tenglamaning umumiy yechimini o‘zgarmaslarni variatsialash usuli bilan topamiz:

u,(t) =g, cosatt+g,,si

r)sinad, (t—7r)dr, n=12,.., (26)
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bu yerda ¢,, va @, - ixtiyoriy o‘zgarmas sonlar.

(26) va (10) larni (22) gatorga qo‘yib, (1) tenglamaning yechimini hosil gilamiz:

u(x,t)= ZZ{golncosaﬂHgozhsmaﬂt
p

=1

r)sina, (t— r)dr}sin AX (27)

(27) yechimni (2), (3) va (5) shartlarga bo‘ysundirib @, ¢,, va f_ koeffisientlarini topamiz.

I(Dl dX n=12,.. (28)
1 p

- :a_/lr]!%(x)x”(x)dx’ n=12,.. (29)
p

¢3H=I¢3(X)Xn(x)dx, n=12,..., (30)
0

bo‘lib, f_ koeffisient quyidagi tenglik bilan aniglanadi:
a/lz[%n @, C0salT — g, asini T]

f =

n

=12,..., (31)
/IjQ )sinad, (T —z)dz

Shunday qilib, (27) qatornlng koeffisientlari (28), (29), (30) va (31) tengliklar bilan
aniglanib, uning o‘zi va undan t bo‘yicha ikki marta, X bo‘yicha ikki marta hadlab hosila
olishdan hosil bo‘lgan qator Q da tekis yaginlashsa, u holda (27) qatorning yig‘indisi qo‘yilgan
masalaning yechimi bo‘ladi.

Lemma. Vt e [O,T] Ba N=12,... bo‘lganda quyidagi baholar o‘rinli bo’ladi:

U, @O <[ |1+ |an| ]+ G (@) | om ! (32)
|Ur'] (t)| < a"/’Ln |:|(Dln| + |¢2n| L(O,T) !
‘U”(t)‘ < az/ln2 D¢1n‘ + ‘¢2n L(0T) coT)’

bu yerda C j= _4 musbat o‘zgarmas sonlar, f_n sifatida (31) formulaning surati nazarda
tutilmoqda.

Isbot. (26) tenglik bilan aniglanadigan U, (t) funksiyani baholaymiz. Avvalambor (26)
ning uchinchi hadini baholaymiz. Bunda

t
-1 .
(at,) HJ!Q(ﬂsma&(t—ﬂdr<a15,jQ alé'HQ 7)|dz =
1= 1
= Cl(aﬂ'n) S L(oT) "’ G = go
U holda (26) uchun
‘un (t)‘ < D(Dln‘ + ‘(pZn [| + Cl(aﬂ’n )71 fn L(O,T) '

!
n

o‘rinli bo‘ladi. Yuqoridagi kabi, U
isbotlandi.

(t) va u;’(t) larni ham baholashimiz mumkin. Lemma
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Endi (27) gatorni va

— = —Z a’A2u, (t)- X, (x), (33)
n=1

__—iazlz n(x)+Q(t)2\fn\-Xn(X), (34)

gatorlarni tekis yaqlnlashlshga tekshlramlz. Avval (33) gatorni tekshiraylik. Buning uchun unga

mos
> a
n=1
mojarant gatorni tuzamiz. Lemmadagi (32) tenglikni e’tiborga olib va o‘zgarmaslarni qoldirib
yozsak, quyidagi gator hosil bo‘ladi:
-
|l

> [a22]gy| + 82|y, + 2%

t) (35)

n=1
Demak,
> @A ol + %A% aa | (36)
n=1
iﬁ f_n (37)
n=1 a

Qatorlarning yaginlashuvchiligini isbotlashimiz kerak. Buning uchun (28) ni uch marta, (29) ni
esa ikki marta bo‘laklab, 2-teoremada (Dl(X) va (OZ(X) funksiyalarga qo‘yilgan shartlarni
hisobga olsak,

3p
0, = E(ﬂj j¢f3)(x)cos”—nxdx,
plzn) ¢ p

3p
Dy :_\/z(ij j¢§2)(x)sin”—nxdx,
plzn) ¢ p

tengliklarga ega bo‘lamiz. Hosil bo‘lgan oxirgi tengliklarni

8 ) 3 2
Pl ¢ Pl &
Dy = (_j 2:? 1 Pon = _(_j 12* 1 (38)
Vi T
ko‘rinishida yozib olamiz, bu yerda

¢2n_\/7J¢1 COS XdX goln —\/7'[402 Sln—xdx.

(38) ni (36) ga qo‘yib, quyidagi natijaga kelamiZ'

‘%n ‘¢2n

(39)

n

Bu gatorning yaginlashuvchanligi
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(2)
s3] Bl o

Elementar tengsizliklarga asosan kelib chuvchi

0 0 1
> (o) +(02) ]} X
n=1 1
gatorlarning yaginlashishidan kelib chigadi.

Birinchi gatorning yaqinlashuvchanligi bo‘lakli uzluksiz bo‘lgan ng(S)(X), (pgz)(x)
funksiyalar uchun Bessel tengsizligidan kelib chigadi. Ikkinchi umumlashgan garmonik Z—a
n
n=1

gator bo‘lib, @ >1 bo‘lgani uchun yaginlashuvchi bo‘ladi. Demak, (36) gator yaginlashadi. Endi
(37) qatorning yaqinlashuvchiligini ko‘rsatishda (31) tenglik suratini (37) ga qo‘yib, quyidagi

majorant gatorni hosil gilamiz:

Z[ﬂ’r? |¢3n| + ﬂ’r? |(01n | + ﬂ’ns |¢2n |]

n=1

(40)

(40) gatorni yaginlashuvchiligini isbotlash uchun (28) va (30) ni to‘rt marta (29) ni uch
marta, bo‘laklab, 2-teoremada (Dl(X), (DZ(X) V&(DS(X) funksiyalarga qo‘yilgan shartlarni

hisobga olsak, (40) gator

iﬂwﬁ)
n=1

ko‘rinishini oladi, bu yerda

1
o) |2 @)
n

+|of)

ol =\/2Je(p(4)(x)sinn—7[xdx o) :—\/zf(p(s)(x)cosn—ﬂxdx
1n po 1 p ! 2n pO 2 p !

9_ 2]
¢§n)=\PI¢§)(X)
P2

(41) qatorning yaginlashishini huddi (39)
qatorning  yaqinlashishi  kabi  ko‘rsatish
mumkin. Demak, (37) qator yaginlashadi. U
holda, (35) mojorant gator tekis yaginlashadi.

Demak , € sohada (33) va (27) qatorlar
absolyut va tekis vyaginlashadi. (34) dagi
ikkinchi  gatorning  absolyut va  tekis

yaginlashishi (37) qatorning yaginlashishidan

kelib chigadi. U holda, (34) gator ham €2 da
absolyut va tekis yaginlashadi. Shunday qilib,
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PNEVMOTRANSPORTI VENTILYATORI PARRAKLI DISKI MASSASINI
ENGILLATISH, VENTILYATOR ISH SAMARADORLIGIGA TA’SIRI

X. Ismoilov, M. Namozova, S. Axmadjonova

Z. M. Bobur nomid agi Andijon davlat universiteti, O‘zbekiston, 170100, Andijan sh, Universitet ko‘chasi
129 uy

2025-yil 22-noyabrda berilgan; 2025 yil. 15-dekabr chop etish uchun gabul gilingan.

Annotatsiya. Maqolada aerodinamik tizimlar, shuningdek pnevmotransport ham energiyani
ventilyator vositasida sarflashiga bog’ligligi o’rganilgan. Ventilyator energiya sarfi uning ishchi gismlari
parragi, parrak ganot gismi, ganotni joylashish gradusi, parrakni qobigda ganday joylashishiga bog’liq.
Bulardan tashqari, parrak massasi ham ventilyator quvvatga va elektr energiya sarfiga katta ta’siri
ko'rsatishi mumkin. Ishda ventilyator parragi massasini kamaytirish usulari, uning quvvatiga va elektr
energiya sarfiga ta’siri nazariy va tajriba yo’li bilan asoslangani keltirilgan.

Kalit so‘zlar: Pnevmotransport, ko‘ndalang kesim yuzasi, quvur, paxta, ventilyator, aerodinamik
kuch, siklon, paxta g‘arami, havo sarfi, parrak, parrak massasi, termoreaktiv polimer.

AHHOTaumsa: B cTaTbe uvccnegoBaHa 3aBMCUMMOCTb OHepromnoTpebneHus aspoarHaMUYecKux
cuCTeM, a Takke MHEBMOTPaHCNOopTa OT pacxoda SHEPrm ¢ NOMOLLbI0 BEHTUNATOpPa. HepronoTpebnexHme
BEHTUNATOPA 3aBMCUT OT ero pabouynx aneMeHToB: paboyero koneca, NlonaTok Koreca, yrrna ycTaHOBKU
nonaTok, a Takke OT pacrnonoxeHus pabouyero koneca B kopnyce. Kpome Toro, Macca fonaTtok Takke
MOXET OKa3blBaTb 3HAYMTENbHOE BNUAHME HA MOLLHOCTb BEHTUNATOpa M NoTpebreHne anekTpuyeckomn
aHepruun. B paboTe npuseaeHsbl TeopeTndeckmne 1 aKcnepuMeHTarnbHble 060CHOBaHNA METO40B CHUKEHSA
Macchbl NIONaToK BEHTUNATOPA U UX BIIUSIHUS HA €ro MOLLHOCTb U NOTpebrneHne aneKTposHepru.

KniouyeBble cnoBa: MMHeBMOTpaHCMNOPT, NonepeyYyHoe ceyeHre NpoaykTa, NPOU3BOACTBO, XIOMOK,
BEHTUNATOP, OMHAMMYeckasl cuna, LMKIOH, XJIoMKoBas Macca, pacxod Bo3ayxa, AMcka, macca AuWcka,
TEepMOpeaKkTMBHBIN Nonnmep.

Abstract: The article examines the dependence of energy consumption in aerodynamic systems, as
well as pneumatic transport, on energy usage through a fan. The fan’s energy consumption depends on its
working components, including the impeller, the blade airfoil section, the blade installation angle, and the
positioning of the impeller within the casing. In addition, the mass of the impeller blades can significantly
affect the fan power and electrical energy consumption. The study presents theoretical and experimental
justifications of methods for reducing the mass of fan blades and their influence on fan power and electrical
energy consumption.

Key words: Pneumotransport, cross-sectional area, pipe, cotton, fan, aerodynamic force, cyclone,
cotton drum, air flow rate, blade, blade mass, thermoreactive polymer.

KIRISH. energiyasi  sarfini  kamaytirish ~ uchun
. . ventilyator elektr energiyasi sarfini kamaytirish
Pnevmotransportning asosly ot ladi.

kamchiliklaridan biri uning energiya sarfi
yuqori bo’lib, unda faqatgina ventilyator elektr
energiya sarf qiladi. Elektr toki manbai
ventilyatorning  elektr  yuritkichi, ya’ni
motoriga ulangan. Boshga elementlar, masalan,
quvur, tosh tutkichdagi tirgishlar, separatorning

Undan tashqari pnemotransport
ventilyatori ishchi qismlari parragi, parrak
ganot (qismi, qanotni joylashish gradusi,
parrakni gobigda ganday joylashishi, hamda,
ventilyator parragi massasini ham ventilyator

tashqaridan havo so‘rishi, chig‘anoqlar, siklon sarflaydigan quvvat va elektr energiyasi sarfiga

kabilarning aerodinamik qarshiligi sababli sarf @ Sif ko‘rsatadi[3,4].
bo‘ladigan bosim, quvvat va elektr energiyasi MATERIAL VA USULLAR.
ventilyator motori zimmasiga tushadi [1,2].

. . A Ventilyator elektor energiyasi sarfi unin
Shuning uchun, barcha aerodinamik tizimlar, y aly g

huninadek t th .1 quvvati sarfi ko‘rinishida namoyon bo‘ladi va
shuningdek: pneévmotransport ham energiyant ., ; quyidagi tenglama yordamida aniglash
ventilyator vositasida sarflaydi. Bu degani, mumkin:

pnevmotransport sarflaydigan quvvat va elektr 0P
energiyasi sarfi-bu ventilyator sarflaydigan N=1-U= 3 1)
quvvat va elektr energiyasi sarfi hisoblanadi.

Shuning uchun, pnevmotransport  elektr Shuningdek, quvvatning quyidagi tenglamasi

ham mavjud:
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N=M-w (2

Ventilyator parragining garshilik momenti
parrakning Jn inersiya moment va garshilik

kuchlarining  Jq inersiya  momentlari
yig‘indisiga teng:

M =], +]q (3)
Ventilyator parragining inersiya momenti

uning massasi m va tezligi v ga quyidagicha
bog‘liq[5]:
‘UZ
In = m? 4)

Bu tenglamaga ko‘ra, parrak massasi qanchalik
katta bo‘lsa, ventilyator energiya sarfi ham
shunchalik yuqori, aksincha bo‘lsa, past
bo‘ladi. Ya’ni, parrak massasini kamaytirish
ventilyator va ogibatda pnevmotransport
energiya sarfini kamayishiga olib keladi.

Yugqoridagilarga ko‘ra ventilyator parragi
masasining ventilyator energiya sarfiga ta’sirini
aniglash va kichik massaga ega, mustahkamligi
yugori bo‘lgan parrak konstruksiyasini amaliy
tadgiqgodlar orgali ishlab chigishga harakat
gilamiz.

NATIJALAR VA MUHOKAMA.

Amaliy tadgiqodlar Namangan
To‘qimachilik sanoati instituti Tabiiy tolalarni
dastlabki  ishlash  texnologiyasi  ilmiy
laboratoriyasi va Namangan shaxri, “Ven-kon
air engineering” xususiy korxonasida amalga
oshirdik. Ilmiy izlanishlar parallel ikkita yuqori
bosimga ishlovchi  markazdan gochma
ventilyatorlarda amalga oshirildi. Birinchi
ventilyator yuritkichi 4 kVt quvvatli 3000
ayl/min tezlikda aylanuvchi(chang
ventilyatori), uzunligi 26 mgacha
uzaytiriladigan quvurlar tizimiga ulangan,
hamda, VS-8M yuritkichi 30 kVt quvvatli
1500 ayl/min tezlikda aylanuvchi
ventilyatorlarda amalga oshirildi.

Birinchi bo‘lib, 26 m quvurlar tizimiga
ega bo‘lgan pnevmotransport tizimi yig‘ildi(1-
rasm). Tadqiqot ob’yekti sifatida ventilyator
parragi belgilandi. Solishtirish uchun amaldagi
ventilyator parragi va kompozit materialdan
quyib, tayyorlangan parrak olindi.
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ega bo‘lgan pnevmotransport

Bu parrakni tayyorlash uchun amaldagi
parrakni andoza qilib olib, maxsus golip
tayyorlandi.  Tadgigot uchun  Andijon
mashinasozlik institutida 2021-2023 yillarda
bajarilgan  UZB-Ind-2021-85-sonli  “Nano-
termoplast (polipropilen), reaktoplast (epoksid
smolasi ~ asosida), nano  o‘lchamdagi
to‘ldiruvchilar  bilan  boyitilgan  polimer
kompozit materiallar va goplamalarini mexanik
xamda tribologik xossalarini takomillashtirish”
mavzusida O‘zbekiston-Hindiston
hamkorligidagi xalgaro ilmiy-amaliy loyixada
eng mustaxkam, antifriksion
yeyilishbardoshligi eng yaxshi, deb topilgan
sinov namunalaridan biri olindi.

ED-20 ga asoslangan  suyuglik
kompozitsiyalarini, silliq bo‘lmagan yuzaga
sepish, shpatel va cho‘tka yordamida surtish,
tayyorlangan GKPM suyuglikka botirib olish
yoki quyish usuli orgali qo‘llash tavsiya etilgan.
Kerakli materiallar ~ miqdori polimer
massasidan havo pufakchalarini olib tashlash
uchun 60-80°C gacha gizdiriladi, keyin 50-
60°S haroratda, ehtiyotkorlik bilan aralashtirib,
plastiklashtiruvchi DBF qo‘shiladi. Agar kerak
bo‘lsa, sinchlovchi va kukunsimon
to‘ldiruvchilar qo‘shiladi. Eng so‘nggida,
surtishdan oldin, polietilen poliamin PEPA
gotiruvchi hona haroratida 10 massa gismda
qo‘shiladi. Yuqori sifatli qoplamani olish,
goplamalar yuzalarga bir hil galinlikda
qotishini ta’minlash uchun namunalar hona
haroratida 0,5-1 soat davomida maxsus stendga
solib aylantiriladi. Keyin epoksid kompozitlar
1,5-2 soat davomida 35-40°S haroratda qattiq
holatga keltiriladi.
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1-jadval:Antifriksion yeyilishbardosh qoplamalar
uchun geterokompozit materiallar tarkibi va
mexanik hossalari

Qoplamalar uchun Tarkibiy massa gism
kompozitlar tarkibi va 1- 1. 3- 4. j
xususivati NANIMA | NaMUNa | Namuna | namuna | nannma
1 1 3 4 5 b
ED-20 100 100 100 100 100
DEF 10 10 10 10 10
PEPA 10 10 10 10 10
Grafit 20 225 25 273 30
Angen Kaolini 20 23 30 40 0
10ICh chigndia | 1.0 13 10 25 30
1 1 3 4 5 6
Xlorlangan polietilen 0.3 10 13 20 2
Miggmustabkamtk e, | 510 | 916 | 212 | 205 | 195
zezion mustahlamik . .
325 | 332 282 266 | 231
(ma otrerv) oy MPa | " ' ' ' '
Zarbiy mustahkamlik o4 22 252 221 311 322

Bu namunalardan ventilyator parragini
quyish uchun 5-namuna olindi.

Korxonaning quyish sexida tayyorlangan
suyuqlik golipga quyilib,
1 sutka quritishga qo‘yildi. Parrak bir kunda
quridi,  lekin  mustaxkamlikni  oshirish
magsadida yana uch kun o‘tkazildi (2-rasm)

Kompozit polimer materialda quyilgan
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uskunasida yo‘nildi, silliglash uskunasida
silliglandi, markazlandi (sentrovka),
muvozanatlandi (balansirovka qgilindi).
Parrakning ishchi yuzasi bolgarkada, uning
parragi yetmaydigan joylari qo‘lda silliglandi.

Mavjud parrak alyuminiydan quyilgan
bo‘lib, uning masasi o‘lchandi mp=12 kg
chiqdi. Polimerdan tayyorlangan parrak
massasi o‘lchandi, uning massasi mpp=5,97 Kg

chiqdi.

2-rasm. Chap tomonda kompozit polimer materialda
quyilgan parrak va o‘ng tomonda unga ishlov berish
jarayoni.

Demak, parrak massasi 2 barobarga
kamaygan. Bu holat parrak garshilik
momentining ham 2 barobar kamayishini
ta’minlaydi, bundan ventilyator energiya sarfi

parrakning  orga  tomoni  chilangarlik  kamayadi.
2-jadval
Aerodinamik o‘lchovlar natijalari
Tok Statik Dinamik
No Ventilyator kuchi Kuchlani | Quvvat | Chastot | bosim bosim Tezlik
" | xolati (A) sh (V) wit a Gs (R) (R) m/s
Mavjud parrakdagi olchovlar
Ventilyator
1 | quvurchasi yopiq | 2,7 380 1,53 50 5250
xolatda(0,20 m)
0,20m | 7,9 380 4,47 50 3350 1880 56
256m |79 380 4,47 50 1180 1620 52

Ventilyator o‘lchov parametorlarini olish
uchun pnevmotransport quvuri trassasining 3 ta
joyidan pito naychasi sig‘adigan gilib teshildi.
1-teshik ventilyator bo‘g‘zidan 0,20 m
uzoqlikda, 2-teshik 6,70 metrda va 3-teshik
25,5 metr masofada teshildi. Qurilma elektr
yuritkichi 380 V li tok manbaiga invertor

qurilmasi orgali ulandi va undan tok kuchi va
kuchlanish  o‘zgarishi  kuzatib  borildi.
Quvurdagi so‘rilayotgan havoning tezligi
elektron anemometr, havo bosimi esa pito
naychali elektron mikromanometr yordamida
o‘lchandi.
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Quvur dimetriga bog‘liq ravishda havo oqimi
tezligi va sarfi hisoblab topildi hamda tegishli
jadvalga kiritildi(2-jadval).

Polimer parrak ventilyatorga qo‘yildi,
extiyotkorlik yuzasidan invertordan asta-sekin
yuritkich aylanishi ko‘tarib borildi. Avvaliga
ventilyator muamosiz ishlay boshladi. Lekin,
yuritkich aylanishlar soni 1500 ayl/minutdan
o‘tgach vintilyatorni ishlashi o‘zgarib parrak
parchalanib ketdi. O‘lchovlarni olish imkoni
bo‘Imadi.

Amalga oshirilgan tadgiqotlarimiz ijobiy
natija bilan tugamadi. Ammo, ilmda salbiy
natija ham natija sifatida baholanadi. Bundan
chigaradigan xulosa shundan iboratki, yangi
polimer material katta yuklamaga chidamsiz,
aynigsa, undan Kkatta yuklanish  bilan
ishlaydigan ishchi gism va detallarni tayyorlash
magsadga muvofigq emas.

Navbatdagi tadgiqotlarda labaratoriya
sharoitida o‘rganilgan yangi kompozit paliimer
materialni metall parrakka qoplama va parrakni
bir gismini quyish orgali massasini yengilatib
ishlatib ko‘rishni magsad qildik. Bunda, paxta
sanoatida ko‘p foydalaniladigan VS-8M
ventilyatori parrakli diski tadqiqot ob’yekti
sifatida olindi. 3-rasmda VS-8M ventilyatori va
uning parragi umumiy ko‘rinishi keltirilgan.

Tadgigot uchun 2 ta bir xil parrakli disk
olindi. Parrakli disk po‘latdan yasalgan bo‘lib,
o‘lchanganda uning massasi mvsp=40 kg chiqdi.
Diskning  biri  balansirovka qilindi va
ventilyatorga o‘rnatildi. Ikkinchi parrakli disk
kompozit material bilan qoplash uchun ajratildi.

Avvalgi tajribalarda qo‘yilgan maqsad va
ulardan olingan  natijalar asosida yangi
tajribalar oldiga parrakli diskka goplama
berishdan oldin uni yengillatish vazifasi
qo‘yildi.

Parrakli diskni yengillatishning quyidagi
usullarini tavsiya etish mumkin:

1. Parrakli diskni yengil(zichligi past bo ‘Igan)
konstruksion materiallardan tayyorlash;

- alyuminiy gotishmalari;

- magniyli (rux + alyuminiy) qotishmalari;

- titanli qotishmalar;

- kompozitsion materiallar.

2. Parrakli diskni yuqori qattiglikka ega
bo‘lgan, toblangan po ‘latdan olingan yupqa
listlardan tayyorlash (bunda materialning
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bilan

sarflanishi

gimmatligi uning kam
kompensatsiyalanadi);

3-rasm. Chap tomonda xarakatlanuvchi VS-8M va o‘ng
tomonda ventilyator ishchi parragi ko‘rinishi.

3. Tarkibli konstruksiyalarni qo ‘llash:
po‘lat karkas + kompozitsion material
goplamasi;

po‘lat karkas + yengil metallar qoplamasi va
boshgalar.

4. Maxsus, yengil, gattiq va mustahkam
yangi konstruksion materiallar ishlab
chiqgish.

Biz, o‘z tadqiqotlarimizda parrakli
diskni yengillatishning po‘lat
karkas + kompozitsion material goplamasini
qo‘llash usullaridan foydalandik.

Ventilyator parrakli ~ diskini  yengillatish
magsadida parrakli  diskning yuk kam
tushadigan gismlarini kesib olish loyihasi
ishlab chigildi. Loyiha sxemasi

4-rasm chap tomonida keltirilgan.

Sxemada keltirilgan figuralar o‘rni kesib
olinadi va bu tadbir uning umumiy shaklini
saglab goladi hamda disk mustahkamligining
talab qilingan chegaralardan pasayishiga yo‘l
go‘ymaydi. Shuningdek, bunda, parraklarning
butunligi to‘liq saqlandi va kesish faqat orga
disk hisobidan amalga oshiriladi.

Parrakli diskning ajratilgan qismlari
lazerli uskunada kesib olindi va disk yuzasi
perforatsiya qilingan yuza ko‘rinishiga keldi (4
- o‘rtadagi rasm).

Navbatdagi bosgichda, parrakli disk
tushadigan qolip tayyorlandi va parraklar
yugorida goladigan holatda disk qolipga
o‘rnatildi. Avvaldan tayyorlab qo‘yilgan
kompozit suyuqglik asta-sekinlik bilan disk
ustidan uning yuzasi
1-1.5 mm botgunicha quyildi. Parrakning
golgan gismlari polimer bilan kompressorli
purkagich yordamida qoplandi (4 — o‘ngdagi
rasm). Qoplama mustahkam o‘rnashib, qotishi
uchun 3 sutka xona xaroratida saglandi.
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So‘ngra, diskning orqa tomoni silliglash
uskunasida, parrak tomoni esa bolgarka
yordamida, oraliq joylari qo‘lda jilvir qog‘oz
bilan ishlov berildi. Polimer material bilan
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qgoplangan va silliglangan parrakli  disk

tortilganda, yangi parrakning massasi mpmp=31
kg ga teng bo‘ldi. Demak, parrak massasi 9
kgga kamaydi va

4-rasm, Chap tomonda parrak diskining lazerda kesish uchun chizma, markazda lazerda
kesilgan pairak va o‘'ng tomonda polimer quyilgan parrakli (li!sk ko ‘rinishi.

bu tadbir ventilyator
kamayishiga olib keladi.

So‘ngra, ventilyator va 280 mm diametrli
quvurlardan tashkil topgan aerodinamik uskuna
3-rasmdagi sxema asosida terildi. Aerodinamik
parametrlarni boshgarish uchun,
ventilyatorning 11 kVt quvvatga ega bo‘lgan
elektr yuritkichi elektr toki manbaiga invertor
vositasida ulandi. Havo ogimi parametrlarini
kuzatib borish uchun ventilyatordan oldin
quvurga statsionar elektron mikromanometr

energiya sarfining

o‘rnatildi. Quvurning turli nuqtalaridagi havo
bosimini pito naychali elektron
mikromanometr, quvur boshidagi havo tezligini
o‘lchash uchun esa elektron anemometrdan

foydalanildi.
Dastlab, mavjud parrakli disk o‘rnatilgan
ventilyator sinovdan o‘tkazildi

(3-jadval). So‘ngra, ventilyator parrakli diski
yechib  olinib, o‘rniga  engillashtirilgan
kompozit material goplangan parrakli disk
o‘rnatildi.

3-jadval
Aerodinamik o‘lchovlar natijalari
. Tok Kuch Quv Chas | Statik Dl_na Tez | Havo | Ventily
Ventilyator . . vat . mik . :
Ne wolati kuchi | lanish KVt tota | bosim bosim lik sarfi, | ator
(A) V) Gs |(R) R) m/s | mds | FIK
Mavjud parrakli diskdagi o’Ichovlar
Ventilyator
| | patrubkasi 18 |30 %% |s0 |25%0 - -
yopiq
xolatda(0,20 m)
%20 121 |30 | 80 |50 |2280 |3997 |258 |158 |0.53
6.7m |21 380 8.0 |50 2078 |381.0 [25.2 | 155 |0.45
ﬁf'e 21 380 8.0 |50 1750 |331.4 | 235 |145 |0.35
Olingan natijalar 4-jadvalda berilgan. gilinadigan nominal quvvatni 0.7 kVt/soatga
Natijalarga  qaralsa,  parrakli ~ diskning kamaytirish imkonini beradi. Shuningdek,
yengillatilishi va unga kompozit material ventilyator patrubkasi ochilgach, quvvat sarfi
goplanishi ventilyator xosil giladigan nominal amaldagi parrakda 8 kVt/soatni,

bosimni 70 Paga oshirish va buning uchun sarf

engillashtirilgan palimer qoplamali parrakda
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6.8 kVt/soatga pasaygani, bosim 2679.7 Padan
engillashtirilgan palimer goplamali parrakda
2715 Paga, ventilyatorning foydali ish
koeffitsiyenti 0.53 dan 0.64 ga oshgani
ko‘rinadi. Quvur uzunligining o‘zgarishi oqim
parametrlarining deyarli bir xilda pasayib
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borishiga olib kelmoqda. Bu holatlar, parrakni
yengillatish va unga kompozit goplama berish
ventilyator quvvat sarfini  10.3% ga
kamaytirish, u hosil qiladigan to‘liq bosimni
1.3% oshirish imkonini beradi.

4-jadval
Aerodinamik o‘lchovlar natijalari
Tok EUCh Quv | Chas | Statik ralirlla Tez | Havo Ventil
Ventilyator xolati kuchi nish vat | tota | bosim bosim lik, | sarfi, yator
A kVt | Gs R m/s | m’/s FIK
(A) V) (R) R)
Kompozit polimer material qoplangan parrakli disk bilan
Ventilyator
patrubkasi yopiq | 16 380 |6.1 |50 2620 |- - -
xolatda(0,20 m)
%20 118|380 |68 |50 |2310 |4050 |260 |150 |04
25.6
0 18 380 |6.8 |50 1790 345.2 | 24.0 |1.48 0.42
XULOSA. uskunalarni  gisimlarini  tayorlash maqgsad
gilingan.

Yangi polimer materialdan tayorlangan 2
barobarga engillashgan parrak katta yuklamaga
chidamsiz, aynigsa, undan katta yuklanish bilan
ishlaydigan ishchi gism va detallarni tayyorlash
magsadga muvofig emas.

Ventilyator parragi ishchi yuzasining
g‘adir-budirligi uning ish unumiga katta ta’sir
giladi. Ventilyator parragini ishchi yuzasining
g‘adir-budirligini  termoreaktiv.  kompozit
polimer material bilan goplash orqali siliglash
ventilyator ish unumini ortishiga olib keladi

Parrakli diskning massasi ventilyator
energiya sarfiga katta ta’sir ko‘rsatadi.
ventilyator parragini yengillatish va unga

kompozit qoplama qoplash ventilyator quvvat
sarfini kamaytirish, u hosil qiladigan to‘liq
bosimni oshirish imkonini beradi. Xususan,
ventilyator parragini 22.5% ga yengillatilishi
sarf gilinadigan nominal quvvatni 0.7 kVt/soat
(10.3%)ga  kamaytirish  imkonini  beradi.
Demak,u hosil giladigan to‘liq bosimni 1.3%
oshganini ko’rishimiz mumkin.

Kelajakdada  mustahkamligi  yuqori
bo’lgan o’ta engil termoreaktiv kompazit
polimer materyaldan foydalanib, ayrodinamik
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Abstract. This paper discusses a third-order accurate scheme constructed on the basis of the
Taylor formula to obtain an approximate solution of the Cauchy problem for systems of ordinary differential
equations. Examples are constructed using the obtained estimates to verify the accuracy of the

approximate solution.

Keywords: Taylor formula, Cauchy problem, error estimate, dynamical systems, approximate

solution.

AHHOTaumA. B naHHoOM cTaTbe paccMmaTpyBaeTCcs TOUYHas CXxeMa TPEeTbero nopsiaka, OCHOBaHHas
Ha dopmyne Tennopa, AN HaxoXxaeHUs NpuUBNMKeHHoro peweHus 3agadn Kowwm ans cuctem
0ObIKHOBEHHbIX AMddepeHUManbHbIX ypaBHEHWUN. [pnUBOAATCS NPUMEpPhI C UCMNOSIb30BAHUEM MOJTYHYEHHbIX

OLEHOK TOYHOCTH l'lpl/l6ﬂVI)KeHHOFO peweHus.

KnioueBble cnosa: d)opmyna Teﬁnopa, 3agadva Kowm, oueHka NorpeLwHoCcTn, AMHamMmmn4eckmne

CUCTEeMbl, I'IpI/I6J'IVI)KeHHoe peLwieHmne.

Annotatsiya. Ushbu maqolada oddiy differensial

tenglamalar sistemalari uchun Koshi

masalasining taqribiy yechimini topish magsadida Teylor formulasi asosida qurilgan uchinchi tartibli aniq
sxema ko'rib chiqiladi. Tagribiy yechimning anigligi uchun olingan baholardan foydalanib misollar quriladi.
Kalit so‘zlar: Teylor formulasi, Koshi masalasi, xatolik bahosi, dinamik sistemalar, taqribiy

yechim.
INTRODUCTION

It is needless to note the
importance of estimating accuracy for
approximate solutions of ODEs. Here
we consider the problem [1]

(1) = F(x(), x(0)=x, (1)
where XeDcl? and D is a convex
domain. In what follows, we assume that the
function f:D—>0% is three times
differentiable with continuous derivatives in D

The effectiveness and quality of the
approximate solution method is determined by
the achievable level of accuracy. If X, (t) is the
exact solution and X(t) is an approximate
solution of problem (1) (0<t<T), then the
accuracy is expressed by an inequality of the

form sup|x, (t) — X(t)| < Ce''h’ )
0<t<T

where L is the Lipshitz constant, h is the step
size of the grid at which the approximate

solution is computed, and S is the order of
accuracy of the method.

This study examines the approximate
solution schemes based on the Taylor formula.
With the rapid develompent of computer
algebra systems, it has become possible to
compute derivatives of a wide class of functions
f (x) automatically.

There is another important motivation
for considering the Taylor method. Since the
1960s, numerical methods have been applied
not only to obtain approximate solutions of
dynamical systems, but also to study their
qualitative properties, in particular to prove
theorems describing prescribed properties. This
requires a a deductive mathematical proof of
inequalities of the form (2) [4]. In this context,
Taylor-based approximation methods are more
convenient than  Runge-Kutta  methods
[2,3,5,7].

AN APPROXIMATE SOLUTION SCHEME BASED ON THE TAYLOR FORMULA
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For a continuous function f (x) the solution of the Cauchy problem (1) exists and unique.

Hovewer, esitmating its interval of existence is not straightforward [6,8,9]. In this regard, we begin
our analysis with the following assumption.

Assumption 1. The solution X, (t) to the Cauchy problem (1) exists on the segment
[0,T].
In numerical integration, as a rule, the values of the solution X, (t) are sought in a grid
{t, =t, <t, <---<t, =T}. Here we restrict ourselves to a uniform grid t, = nh, where
h= l, Nel".
N

For an exact solution, we write the Taylor formula with accuracy O(h®):
h? h?

where
% (t) = f [x*(t)], %, (t) = f '[x*(t)] i [x*(t)]
%) = 7] X, (0] ] %, | 1] %0 |+ £ %, 0 | £ %0 || x,® ]

Neglecting the remainder term, the following recurrence formula is generated for the
residual solution:

h? h®
xn+1:xn+hf(xn)+?(f'f)(xn)+€(f "R ETENE)(X).
In order to build the approximate solution, we introduce the following step function:

o, =0o(t)= L%J -h.

We list the the following properties of this step function:

t
1. nh<o(t)<(n+1)h, here n= LHJ (this property is equivalent to the
definition);
2. o(a)=0o(t),
3. If t<s<t+h, so, then o(s) = o (t).
Definition. The function

R(t) =X, + j{ f [X(c,)]+

+(s—o,)(f'f)[X(o,)] +M(f "ff+ U f f)[)?(as)]}ds, (3)

is called the approximate solution to the problem (1).

Lemma. The equality X(nh) =X, is holds forall n>0.

The lemma is easily proved by induction in segments [0,nh]. Using this lemma, we
reduce the problem to deriving inequalities |X*(t) — )A((t)| of type (2).
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In order to effectively evaluate these derivatives of the exact solution X.(t) and the
approximate solution X(t), it is required that their trajectories must remain within a certain
compact set. Therefore, we assume as following.

Assumption 2. Let us given convex compact set K in L[ ¢ The values of the functions
X.(t) and R(t) defined on the interval [0;T ], remain in the convex compact set K .

Based on compact K , Assumption 1 and Assumption 2 we have

M, =max|f(x)], M, =max| ().

M, = Tix”f ")) M, = ryix”f "(x)]..
In the existing literature, the accuracy of an approximate solution is often evaluated by
assuming that the error is bounded by ‘R4(nh, h)‘ . However, this assumption is incorrect, because

R,(nh,h) characterizes only the truncation error of the Taylor expansion X.(t) and does not

describe the error X, (t) — X(t) .
I11. The main result

First, we estimate the derivative of the approximate solution. According to inequality (3),
fort=nh (n=12,...,N-1)
A v 1 S t — O, ? n 1 1 S
(1) = f[%(o)]+ (t— o )(F' F)[%(c)]+ %(f ff+f 1 F)[%(c)], @

that is, the approximate solution X(t) is a cubic spline.
Taking into account that 0 <t — o, < h, it follows from equality (4) that

. 2
k(t)‘s Mo(u hM, +h?(|v|2|v|o + Mf)],

holds.
Theorem [1]. Suppose that assumptions (1) and (2) are satisfied. Then the inequality
M T
x.(t) — %)< LA + Ah+ Ah?)h®
6M, (5)
holds, where
A, :SMOZMIM2 + MOM13 + I\/I03M3,
A= %(MO3M22 + 4M03M1M3 + 9M02M12M2),
A, 2%(M04M2M3 + M03M12M3 + 2M03M1M22 + 2M02M13M2).
As an illustrative example of inequality (5), we consider the following Van der Pol
oscillator:

b
y:/u(l_xz)y_x (6)
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where u is a parameter. Taking K:[(x,y)eR||X|£2.1, |y|SMaXY+0.001], we

compute constants M, M,, M,, M, for system (6) and then determine the error bounds using
inequality (5).

p=05

k| i ‘

20 40 W 10 20

0 10 0w 1 0

a

M,
-21£x£2.1
g | MaxX | haxy ;&;\}'ﬁ“?‘ M, M, M, . |T Xatolik

|| 0. 20001 | 20116 | 344491 | 2.12064 | 0.718523 | 034641 | 62867 | 6.2871[7.05753- 10~
| 0220004 | 2.0442 | 205912 | 2.98222 | 144442 | 0.69282 | 6.2987 | 6.2988 [4.09018- 10~
5 | 03[ 20009 [ 20935 | 474375 | 392072 | 21836 | 103923 | 63177 | 63082 [330748- 107
o | 04 [ 20016 | 2.1554 [ 549799 | 493663 | 2.94036 | 138564 | 6.3457 | 6.3457 [4.19409- 10
. | 05| 20025 [ 22270 | 632302 | 6.03082 | 371809 | 173205 | 6.3807 | 6.3807 [898127 107
o | 06 [ 20035 | 23063 | 722075 | 720637 | 45196 | 207846 | 64227 | 6.4231 [3.49511- 1077
| 0720047 [ 23919 | 819331 | 846681 | 53474 | 242487 | 64727 | 6.4728 [2.67511- 10
o | 08 | 20059 | 24830 | 924344 | 981633 | 620401 | 277128 | 6.5297 | 6.5296 (431302 10°
o | 09 20072 | 25787 | 103729 | 112579 | 7.09149 | 311769 | 6.5927 | 6.5930 | 156162 10"
o | 10| 20086 | 2.6784 | T1.5837 | 127947 | SOIIS6 | 34641 | 6.6627 | 6.6627| 0.0000135

Here period is calculated by the formula [10]

T=

27
2 4 '
U 1ip 6
——+ +0
16 " 3072 TOH)

()

In the table, T, is the value computed by the computer, while T, js the value calculated using
formula (7).
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Below (u, max y(u)) and (u, T) tables are presented.

Graphs of Given Points and Polynomial Function

2.7 —e— pata Points
— Polynomial Function

A Triangles at Given Points
2.6 1

2.5

Ymax(p)

2.3

2.2

2.1-

2.0 1

T T T T T T
0.0 0.2 04 0.6 0.8 1.0
W

The relationship between the period and the parameter

6.65

6.55

6.50 1

6.45

6.40 1

6.35 1

6.30 1

T T T T
0.2 0.4 0.6 0.8 1.0

CONCLUSION

If a nonautonomous system is considered in a d-dimensional space, then we can interpret
it as an autonomous system in the (d +1) — dimensional space. In particular, we can consider the

following Cauchy problem:

K F(E0, X(0) =%,
%= f(t,x), x(0) = x, <4 9t
Z—le, £(0) =0

Therefore, the difference between the exact and approximate solutions can be estimated by the

same expression with the constant \/M,* +1 instead of M,
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DIVIDING TEN PARTICIPANTS ON SOCIAL NETWORKS INTO A
COMMUNITY USING MAXIMUM LIKELIHOOD

A. Abdulvokhidov, O. Samsagov, R. Ma’rufjonov, M. Zokirjonov
Andijan state university, 170100 Andijan, Uzbekistan.
Issued on october 30, 2025; accepted for publication on December 7, 2025

Abstract: This article presents a deep dive into the use of maximum likelihood estimation in
partitioning a social network of ten members into cohesive communities. The importance of this statistical
method is discussed in the context of social networks. It illustrates how a network can be mapped and
parameters predicted, with the method then applied to the partitioning process. The result is optimized
groupings, a critical factor in efficiency, communication, and overall community health. The insights gained
have direct broader relevance for managing, analyzing, and understanding larger social networks in today’s
interconnected society.

Key words: Social Networks, Maximum Likelihood Estimation,Partitioning, Group Dynamics,
Network Analysis, Adjacency Matrix, Statistical Method, Community Formation, Communication
Optimization ,Interconnections ,Parameter Estimation, Efficient Management, Cohesive Communities,
Interrelations, Iterative Computation.

AHHoTaumAa: B aton ctatbe npeactaBneHo rnybokoe NOrpyxeHne B MCNONb30BaHWE OLEHKU
MaKCMMarnbHOro npasgonogobus npu pasgeneHun counanbHOW ceTu M3 OeCATU YYaCcTHMKOB Ha
CnnoyeHHble coobllectBa. BaxHOCTb 3TOro craTUCTUYECKOro metoAa OBCyXOaeTcs B KOHTEKCTe
coumanbHbix ceTer. OH MNMICTPUPYET, Kak MOXXHO 0TOBPasnTb CeTb M CNPOrHO3NpPOBaTh ee napameTpsl,
a 3atem NpYMEHUTb 3TOT METOA K Mpoueccy pasgeneHus. PesynbtaTtom sIBNAOTCS ONTUMU3MPOBAHHbIE
rpynnUPOBKX, BaXKHEMWMN dakTop 3pPHEeKTMBHOCTU, KOMMyHMKaumMm 1 obuiero 3gopoBbs obiecTsa.
MonyyeHHble 3HaHWA MMEIOT NpsiMoe bonee LUMPOKOe 3Ha4YeHne AN ynpaBneHus, aHanmaa u NoHUMaHus
Honee KpynHbIX coumanbHbIX CETEN B COBPEMEHHOM B3aMMOCBA3aHHOM oOLLecTBe.

KnroueBble cnoBa: CounanbHble ceTW, OLEeHKa MakCcMmanbHOro npasgonogobuvs, pasgeneHuve,
rpynnosasi AMHamMuKa, CeTeBOM aHanm3, maTpuua CMeXHOCTU, CTaTUCTUYeCKuii metod, hopmumpoBaHme
coobuwecTBa, oOnNTMMM3aUMA KOMMYHMKaLMM, B3aMMOCBA3M, OLEHKa napameTpoB, 3addekTuBHoe
ynpasrneHue, cnnoveHHble coobLlecTBa, B3aNMOCBA3M, UTepaTUBHbIE BbIYMUCIIEHMS.

Annotatsiya: Ushbu maqgola o’'nta a’zodan iborat ijtimoiy tarmoqgni yaxlit jamoalarga bo’lishda
maksimal ehtimollikni baholashdan foydalanishga chuqur kirib boradi. Ushbu statistik usulning ahamiyati
ijtimoiy tarmoglar kontekstida muhokama qilinadi. U tarmogni ganday qilib xaritalash va parametrlarni
bashorat qgilish mumkinligini ko’rsatadi, bu usul keyinchalik bo’linish jarayoniga qo’llaniladi. Natijada
optimallashtirilgan guruhlar, samaradorlik, mulogot va umumiy jamiyat salomatligi uchun muhim omil
hisoblanadi. Olingan tushunchalar bugungi o’zaro bog’langan jamiyatda kattaroq ijtimoiy tarmoglarni
boshgarish, tahlil gilish va tushunish uchun to’g’ridan-to’g’ri kengroq ahamiyatga ega.

Kalit so‘zlar: Ijtimoiy tarmoglar, Maksimal ehtimollikni baholash, Guruh dinamikasi, tarmoq tahlili,
statistik usul, Jamiyatni shakllantirish, alogani optimallashtirish, o’zaro bog’lanishlar, Parametr Baholash,
Samarali boshqgaruv, Birlashgan jamoalar, O’zaro aloqalar, Iterativ Hisoblash.

INTRODUCTION

Social networks, from casual friendship
circles to online platforms like Facebook, have
become an integral part of our lives. These
networks typically involve various forms of
relationships and interaction patterns which are
usually represented by nodes (individuals or
entities) and  ties/edges  (connections).
Analyzing these networks can provide
insightful commentary on group dynamics,
information spread, and overall community
health.

This article shines a spotlight on a
powerful  statistical  methodology, the
Maximum Likelihood Estimation (MLE), and
how it can be applied to partition a social

network of ten participants into smaller, more
manageable communities.

To elucidate, Maximum Likelihood
Estimation is a fundamental concept in
statistical estimation that calculates the most
likely parameter of interest given the dataset at
hand. In the context of social networks, the
MLE aids in putting network members into
distinct sub-communities in a way that makes
the observed relationships more probable.

The concept of splitting a large
community into smaller clusters or groups can
be advantageous in various ways. For example,
it makes managing the network more efficient,
facilitates better communication pathways
among individuals, and establishes stronger
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internal relationships. But it’s also a
challenging process and needs a robust model.

To begin the partitioning process,
firstly, the network of the ten individuals is
mapped through an adjacency matrix, a table
that indicates whether pairs of vertices are
adjacent or not in the graph. This graph
illustrates all the interrelationships in the
network, providing a clear picture of who is
linked with whom.

Once the network is graphically
represented, the next step is to predict two
essential
parameters: the likelihood of a link within a
group and the probability of a link between
separate groups.

The MLE method kickstarts by making
an initial guess about a parameter (membership
of an individual to a specific group). Then,
through iterative computation, the method
tweaks the parameter values to maximize the
likelihood of observing the current network
structure given these parameter values.

Upon running through this process, the
MLE method assigns each of the ten
participants to two communities in a way that
maximizes the probability of the existing
relationships; essentially, it groups together
those who are most likely to interact.

This approach is significant because it allows
social network scientists to decipher and
visualize the inherent structure of social
networks. Furthermore, it presents group
administrators or team leaders with the power
to build communities more intelligently, to

optimize  internal communication  and
collaboration.
We use the maximum likelihood

method for clustering given in [1].
In = logLy = Y§-; mylogpsm, +

Yk=1 (@ - mk) log(1 —pin) + (m —

1
Zlk<=1 mk)logpout + (Ezlk(=1 nk(n - nk) —

(m = iy ) ) 10g(1 = Poue)
In the article we consider the division of

community S into two communities, then
formula (1) looks like this:

81

Iy = (my + my)logpin
(nf +n3 —n)
2

- (m; + mz)) log(1 — pin)

+ (m - (ml + mz))logpout
+ (nny —m
+ (my +my))log(1 — Pour)
The appearance of p;,, and p,,,; 10oks like this:
_ 2(my +my)
nd+ni-n’
_m—(my +my)

Pin Pout

nin,
In the article we consider the division of
community S into three communities, then
formula
(1) looks like this:
ln = (my + my + mg)logpin

(n% +n%+ni—n
2

—(my +my + m3)) log(1 — pin)

+ (m —(my+m, + m3))109pout

+ (n1n2n3 —-m

+ (my +m, + m3)) log(1 — pout)

The appearance of pin and pout looks like this:
2(my; + m, + my)
Pin =

2 2 2 ) Pout

_m—(my +my +mj3)

nin,n;

Let us be given a social network with ten
participants. If we divide the social network
into two groups, the following types of
divisions are formed: (5,5), (4,6), (3,7) and
(2,8) if we divide the social network into three
communities, then the following types of
divisions are formed: (2,2,6), (2,3,5), (2,4,4),
and (3,3,4) we use the "maple”program to
divide into teams

Numerical experiments

Given a social network with 10 vertices and 22
edges.
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Fig 1. Social network with 10 vertices and 22 edges.

We can calculate the maximum
likelihood using the "Maple“program. When
the social network is divided into two

communities, (2,8) accepts a partition of type I

which has a value of -28.24540175. (3,7)
accepts a partition of type Iy

which has a value of -23.72121036. ( 4,6) takes
a division of type [,

which has a value of -10.90438931. (5,5) takes
a division of type [,

which has a value of -20.96424235. Divides the
social network into three communities by type
(2,2,6) in Iy,

which has a value of -18.35144279.

82

The maximum likelihood of this
partition is greater than the maximum
likelihood of the other three communities.

From the above calculations, it can be
seen that the maximum probability of the
division type l;; of type (4;6) is higher than the
rest of the divisions

In conclusion, the article elaborates on
the importance and the implementation of
Maximum Likelihood Estimation (MLE) for
partitioning a social network of nine members
into well-structured communities. It highlights
how an adjacency matrix holds the key to
outlining the network structure, while MLE
plays a crucial role in refining and optimizing
this structure into well-defined communities,
based on the likelihood of interactions. This
procedure is essential for enhancing the
efficiency of managing the network and
improving the communication pathways among
individuals, thereby, fostering strong internal
relationships. Despite this study focusing on a
nine-member network, the MLE method’s
implications are much more profound and its
benefits can be extrapolated to larger, more
complex networks. In an increasingly
interconnected society, this approach provides
a robust, scalable solution for data-driven
understanding and management of social
connections. Thus, social network analysis
using MLE and similar methodologies are not
just academic exercises, but powerful tools in a
wide array of fields - from sociology and
psychology to business and politics.
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O HENOABUXHbIX TOYKAX ONEPATOPOB BOJIbTEPPOBCKOIO
TUNA C NEPMOOAUNYHECKUMU KOO DPULMEHTAMMU

X.Ucmounos, M.JpraweBa

AHAOMXKaHCKMIA rocyaapcTBeHHbIn yHuBepcuteT M. 3.M. Babypa, gom 129, yn. YHnBepcuteTckasa r.
AHawmxkaH, 170100 Y3bekncTaH.

Mony4yeHo 2 pekabps 2025 r.; npuHaTO K ny6nukauun 12 gekabpsa 2025 r.

AHHoTauus: B gaHHOW cTaTbe n3yyaloTcsl nepnoanyeckme yHKUMKN f,,— oTobpaxatowme cumniexkc
B cebs, ans onepatopa Buga V:x; = x, - (1 + f), k =1,m. OnpeaeneHbl yCrnoBusi CyLIECTBOBaHUS
HEeMNOABWXHbIX TOYEK AaHHOM cucTtembl. Takke B nporpamme Delphi npuBeaeHbl rpadukm otobpakeHns
HEMOABWKHbIX TOYEK CUCTEMBI.

KnioueBble cnoea: BonbTeppa, nepuoguyeckne KoadpduUMEHT, onepaTtop, HENOABWXKHAsS TOYKa,
cumMmnneke, pyHkums, otobpaxeHne, kKBagpaTuyHbIA onepaTtop, CTOXacTUYEeCKUI oneparTop, reHeTUYECKUHI,
nonynauusi, BUA.

Annotatsiya. Ywby makonaga V: x, = x; - (1 + f;,), k = 1, m, KypuHuwmngarm Ba CUMMNIEKCHN Y3NHU-
y3ura akc 3TTUPYBYM fi— AaBpui PyHKUMANap ypraHunraH. By cuctemaHuHr Kysfanmac Hyktanapu
MaBXyanuK LIapTrnapu aHuWKnaHraH. Xamga, CUCTEMaHWHr Kysfanmac Hykranapu kaptacu Delphi

Jactypuia rpadvkrapy KenTupunraH.

Kalit so‘zlar: BonbTeppa, gaBpuin kKoadduumeHT, onepaTop, Ky3fanmac HyKTa, CMMNeKC, MyHKUMS,
KapTa, kKBagpaTuK onepaTop, CTOXaCUCTUK ornepaTop, reHeTuK, Nonynauus, Typ.

Abstract: In this article, periodic functions fk that map the simplex onto itself are studied for an operator

of the form V: xj, = x;, - (1 + f3,),

k = 1,m . The conditions for the existence of fixed points of this system

are determined. In addition, graphical representations of the fixed-point mapping of the system are

presented using the Delphi program.

Key words: Volterra, periodic coefficient, operator, fixed point, simplex, function, mapping, quadratic
operator, stochastic operator, genetic, population, species.

BBEJIEHME.

Omepatopbl  BOJBTEPPOBCKOTO  THIIA
OIIPEIEISIOTCS PAaBEHCTBAMHU:

Vixgy =x,-(1+fr), k=1m, (1)
e fi(x) = fi(X1, X2, o) Xk—1) Xig1s oo er Xim)

HETIPEpPbIBHBIC (YHKIUH  YAOBICTBOPSIOIIHE
YCIIOBHSM:
a) fx(X) =-1, mna mo6oro x€ S™1
0) Yreq Xk - fx(x)=0, mus Bcex x€ S™71
JIerko 3aMeTUTh, YTO MPH BBHITOJHEHUH ITHX
ycnouii V: SM1,gm-1,
WHTepecHbIM ¢ OMOIOrUYECKOil TOUKH 3PEHHUS
SBJSIETCSL  ciydail, Koraa fi(X)-mapamerpsl,
YIPABIISIONINEC IBOITIOIIHEH, SIBIISTIOTCS
TIEPHOTHYCCKUMH (DYHKITUSMHA.

B Hacrosmieli paboTe nzy4aercs BOIpoc
0 CYIIECTBOBAHUH u KOJIMYECTBE
HETIOIBHYKHBIX TOYEK OIIepaTopoB
BOJIBTEPPOBCKOTO THIA C TIEPUOIMIECKUMHU
koddduienramu. B kauectse fi, (x) Gepyres
NepuoanYecKre PyHKITUN
D1 Qi X SINNTTX 43— (14 1
Die1 Qi Xy COSNTTX 143 (k1))

MATEPHUAJIbI U PE3YJIBTATDI.

B cummekce S'={x+y=1, x>0, y=0}
paccMOTpUM  ceMelcTBa  KBaJApaTHYHBIX
CTOXACTHYECKUX ONEPATOPOB BUJIA:

_ _{x’ = x(1 — aysinnmy)
" |y’ = y(1 + axsinnmy)

rae a€(0,1],neN.

Teopema 1.

st mo6bIx V,, KBagpaTMYHO-CTOXACTHYECKUX
OIIepaTOPOB YKCJIO BCEX HEMOJBUKHBIX TOYEK
paBHO n+1. JlokazaTenbcTBO. Pemnm cuctemy

aysinnmy = 0
{ x+y=1
k p

Ecnu nmy=nk, To y= M X =, 1ae ptk=n.
S)E S u npu k=0,
nosydyaeM n+l HEIMOJBWKHYIO TOUKY.
OueBHIHO, JPYTUX HEHOJBIKHEIX B ST Touek
HeT. B cummnekce S?={x+y+z=1, x>0, y=>0,
z>0} paccMOTpUM CEMEMCTBO KBaaPATUYHBIX
CTOXACTHUYECKUX OIEepaTopoB BUJA!

n—k
CnenoBarensHO, (T’
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x' = x(1 — aysinnnz + bzsinnmy)
3y = y(1 — axsinnnz — czsinnnx) (2),
z' = z(1 — bxsinnmy + cysinnmx)

rae a,b,c€(0,1].

Ouesunno, V,( S?)c S?, kpome Toro,
BCE TOUKHM OS2, HENOJBUKHBI OTHOCHUTEIHLHO
V,. Kpome Ttoro, V;,V, uV; kBagpaTuuHo-
CTOXaCTHUYECKHE orepaTopsl UMEIOT
€/IMHCTBEHHYIO BHYTPEHHIOIO
OTTAJKMBAIOIIYI0 HEMOJABUXKHYI0 TOUKy C)
puc.l. Jlerko 3ameTuts, 4to V, umMeer He MeHEe
4yeTbIpex, a Vs -He MeHee ceMU BHYTPEHHUX
HETIOJIBHYKHBIX TOYCK.

OueBugno, Vn ( SM2)c  S”2, xpome
TOTO, BCE€ TOYKHU 0S”2 '\, HEnoIBHKHBI
otHocutenbHO Vi, Kpome toro, V.1,V 2 n
V3 KBaJIpAaTHYHO-CTOXACTUYECKUE
OTIepaTOpPHI UMEIOT €IMHCTBEHHYIO
BHYTPEHHIOIO OTTAJIKABAIOUIYIO HETIOIBUKHYIO
Touky C O puc.l. Jlerko 3ameruts, yro V_4
UMeeT He MEHee 4YeThlpeX, a V_5 -He MeHee
CEMH BHYTPEHHHX HEMOJBUKHBIX TOUEK PUC.2.

1001
A
= N \
: N,
. 3 \\\
3 .
i NN
{ ~. %
! | 0' \ \ ‘::\u.'
‘ et \ %
h / "';,‘:
g™ \I',J ';
N R S S =" '(: ..
0 \“‘- e — e ' .\\
200 400 600 800 1000 1200 1400 1E00 1800 2000 2200 O
Puc. 1. n=3
Teopema 2.

Ecimu n=3m Torga:
1) Bce Touku  0S? HEMOIBUKHEL

111
2) CO(E’ 5,5) -BHYTPEHHSISI OTTaJIKUBAIOIIAs

HEIMOABIDKHAS TOYKA;

=Dn2) BHYTPEHHUX

3) CymecTtByeT
HETIOJIBUKHBIX TOUeK (n>3).
HoxazarenbctBo. 1) O4eBUIHO, YTO BCE TOYKHU

0S? HEmOBIIKHBIL

85

2) Jlerko 3ameTHTh, 4YTO CO(%, %,%) -
BHYTPEHHSISI OTTaJKHUBAIOLIAs HEMOJBMKHAS
TOYKA.
3)Pemmm cucremy
—aysinnnz + bzsinnty = 0
axsinnmz — czsinnx = 0
—bxsinnmy + cysinnnx = 0

xt+ty+z=1
MOJTYYCHHYIO 13 (2).
Ora cucreMa HMMEET MECTO IIpH  BCEX

p q d
KOMOMWHAINAX TOYKU (x=;, y=, Z:;), 371eC

d
0<£ ,%, ;<1, u p+q+d=n.

Uucio penieHUN ypaBHEHUs
LENbIX HEOTPULATEJIbHBIX
(n-1)(n-2)

2
111
IMycts n#3m  u a=b=c, Torna, C, (5, 3 E)

ptqtd=n B
Juciiax  paBHO

-BHYTPEHHSISI OTTAJKHUBAIONIAs HEMOBMKHAS
TOYKA.

JonycTtomM, 4YTO LEHTP CHUMILIEKCA
SBJISIETCS] BHYTPEHHEW HEMOJBH)KHOW TOUYKOM.
Torna BepHO cieayromiee yTBepKIeHue.
Yreepxaenue. Ecnu n#3m Tornaa:

1) Bce ToUukH OS? HENOIBHKHBI;

(n-1)(n-2)

2)  CymectByer +1  BHYTpEHHHX

HETOJABUKHBIX TOUEK (n>3).

TChart PRy A B T

o / =< H
¥ ~/ s O H
+ S ——

T i

N
~

N

§00 1000 1200 1400 1600 1800 2000 2200 000

200 400 600

-_-OT g ‘] ‘no2 Y0 04001 N 1000 .
Puc. 2. n=5.

SHowMessage

PaccMoTpuM  ceMeHCTBO  KBaJpaTHYHBIX
CTOXACTHYECKUX OMEPATOPOB BHJIA:
v x' =x (1 — aycosnmy)
ne {y’ =y (1 + ax cosnmy)
B cummiekce S'={x+y=1, x>0, y=>
0}, rme a € (0,1].
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Teopema 3. Jlns moOwbix V, KBagpaTH4HO-
CTOXAaCTHUYECKHX OINEpPaTOpPOB YHCIO BCEX
HEMOJABUKHBIX TOYEK paBHO n + 2.
Hoxa3zarenbcTBO. PemuMm cucremy
aycosnmy =0
x+y=1
T 1+2nk
Ecmm nmny =-+mnk, TO y=—=£,
2 2n 2n

1+2nk 2n—-1-2nk q
keN.x + =1, TO X=—7"T"T—=—"
2n 2n 2n

3necb p +q = 2n. Yucino UeIOYUCICHHBIX
pELIEHUN ypaBHEHUS p + q = 2N B HEUYETHBIX

quciaXx p U g paBHO [2112_—1] =n—1. Torma

YU CJIO HCITOABUXKHBIX TOUCK paBHﬂeTCSII
2n—1
2n—1—[T]=2n—1—(n—1)=n

u aBe BepirHbl cuminiekca (1; 0) u (0; 1).
HWrak, MBI 1TIOKa3ajiy, 4YTO YHCIO
HEMOJIBUYKHBIX TOYEK PaBHO n+2.
B cummiekce S2={x+y+z=1 x>0,
y=0, z=>0} paccMOTpuUM CEMEICTBO
KBAJIPATHYHBIX CTOXACTHUYECKUX OIEPaTOPOB
BUJA!

x' =x (1 —aycosnnz + bz cosnmy)
V,:{ y' =y (1 + axcosnnz — cz cos nwx)

!

z' =z (1 — bx cosnmy — cy cOS NmIx)

BCEX

3,
rae a,b,c € (0,1].
OueBugno, V,(S%) © S%, «kpome ToOroO,

BepmuHbl (1;0;0), (0;1;0) u (0;0;1) sBAsITOTCS
HEIOABUKHBIMH TOYKAMH.
Teopema 4. ITycts a=b=c Toraa:

1 1 1
1) Cy (E V3 E) — BHYTPEHHS OTTAJIKMBAIOILAs
HEMOJIBIKHAS TOYKA;

2) CymectByer 3n HEMOJIBWKHBIX TOUYEK

KOTOpBIE JIexkKaT Ha pebpax cumIiekca S2.

HoxkazarensctBo. 1) U3 puc.3 u puc.4. BuaHO,
1 1 1

Cors(G+e, ;—¢,3)

TOYEK MUMEET CIHMPAIBHBIA BHA. DTO O3HAYAET,

4TO Co BHYTPEHSA OTTAJIKMBAOILAS
HEMOABIKHAs Touka. 2) Pemm cuctemy

YTO TPACKTOPHA

—ay cosnnz + bz cosny = 0)
ax cosnnz — cz cos nwx = 0)
—bx cosnmy + cy cosnnx = 0
x+y+z=1
NOJIy4yeHHYI0 U3 (3).
OTta cucTeMa UMEEeT MECTO NPH BCEX
KOMOWHAIHUSX TOYKH (X = %, y = %,Z = 0),

86

(xzi,yz O,ZZ%), x=0,y= %,zz
%,3nec130< %,Zin< lup+q =12n.

U3 p+q =2n BugHo, 4yro mo Tteopeme 1
CYIIECTBYET POBHO N HEMOJBM)KHBIX TOYEK
npuHagIexamux peopy z=0 cummiekca S2.
Otcrola HaXOIUM, YTO YHCIIO HEMOJBH)KHBIX

TOYEK HAXOJAIINXCS HA peOpax paBHO 3n.

T \\\..
PR ¢ ‘o '.'-h .;W 1000 1200 1400 60 D N 7 om
e vofo3@  n[l60 1 SHoeMesssge
Puc. 3. n=1.
'
b
: ‘\\
7 — NN
L NN
| {\ \@/ NN \\\
{ \ - ¥ NUNSG
Bw i N
L*“‘M‘“* rrgy——
Co | »F= o CEE T (1T [ Shoblosts o
Puc. 4. n=2.
3AK/IIOYEHUE.
Omnepatopsl BHIA
Vixg =x- (14 fi), k=1m, tne fi—
nepuoanyueckue (QyHKIUUA, OTOOpakaroIue

CUMIUIEKC B ce0s, TPEICTaBISIOT OOJIBIION
WHTEPEC B CBS3M C UX TECHOW ONHM30CTHIO U
XOpOIIel MPUMEHUMOCTBIO K MAaTEMaTHYCSCKAM
MOJIETISIM T€HETUKHU, PA3NUYHBIX MOMYISIUN U
3aKOHOB  TIPHPOJIBIL. OnmHako  mOJHOE
HAXOXJICHUE HEMOABIKHBIX TOYEK TaKHX
CHCTEM TIPEICTaBISIET COOO0W BeChMa CIOKHYIO
3ajauqy.
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B cummnekce S2 s AByX BHUIOB
KBaJIpaTHYHO-CTOXACTUYCCKUX OIMEPATOPOB
x" = x(1 — aysinnnz + bzsinnmy)
U,y =y(1l — axsinnmz — czsinnmx) u
z' = z(1 — bxsinnmy + cysinnmx)

x" =x (1 —aycosnnz + bz cosnmy)
V,:{ y' =y (1+ axcosnnz — cz cos nwx)
z' =z (1 — bx cosnmy — cy cos nmx)
B CBA3U C TPYAHOCTBIO HaXO0XICHUA
HEMOJBM)KHBIX ~TOYCK OBUIM  ONpPEICIICHBI
YCJIOBHS UX CYIICCTBOBAHMS.
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B cummnekce S1  nmna aByX  BUIOB
KBaJAPaTUYHO-CTOXACTUUYECKUX OMEPATOPOB

_{x’ = x(1 — aysinnmy)
"ly' = y(1 + axsinnmy)

u

) {x’ = x (1 — ay cosnmy)
" |y =y (1+ axcosnmy)
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UCHBURCHAK GEOMETRIYASIDA MASSALAR METODI
D.T. Mamatbayeva?, T.A. Ominaxon?, M.A. Muhammadjonova?

LAndijon davlat universiteti akademik litseyi, 170100 Andijon, Uzbekistan
2Andijon davlat universiteti, 170100 Andijon, Uzbekistan

2025-yil 20-noyabrda berilgan; 2025 yil. 10-dekabr chop etish uchun gabul gilingan

Annotatsiya. Mazkur magolada ayrim geometriya masalalarini yechishda (hisoblash hamda isbot
talab qiluvchi masalalarda) massalar metodining qo‘llanilishini ko‘rib chigamiz. Massalarning tagsimlanish
g‘oyasi uchburchakning tomonlarida joylashgan kesmalar kesishish nugtasi bilan bog‘liq masalalarni
samarali hal gilish imkonini beradi. Xuddi shu g‘oyadan foydalanib Cheva va Menelay teoremalari ham
isbotlanadi.

Kalit so‘zlar: geometriya, uchburchak, massalar metodi, massalarning tagsimlanishi, Cheva
teoremasi, Menelay teoremasi.

Annotation. In this article, we examine the application of the method of masses in solving certain
geometry problems (including both computational and proof-based problems). The idea of distributing
masses makes it possible to efficiently solve problems related to the point of intersection of segments
located on the sides of a triangle. Using the same idea, Ceva’s and Menelaus’ theorems can also be proved.

Keywords: geometry, triangle, method of masses, distribution of masses, Ceva’s theorem,
Menelaus’ theorem.

AHHOTaumA. B gaHHOWM cTaTbe paccMaTpuBaeTcs NPUMEHeHWe mMeToda Macc Mpu peLlleHun
HEKOTOpPbIX 3aJa4y Mo reoMeTpumn (Kak BbIYUCIIMTENbHBIX, Tak M Tpebywwux aokasaTenbcrea). Maoes
pacnpegeneHns macc nosponset 3deKTUBHO pellaTb 3adaudl, CBSI3aHHblE C TOYKOW NepeceveHus
OTPE3KOB, PACMOSIOXKEHHbIX HA CTOPOHAaX TPeyronbHMKa. VIcnonb3ys Ty XXe naet, MOXHO Takke AoKasaTb

Teopembl.HeBbl

" MeHnenas.

KnioueBble crnioBa: reomMeTpusl, TPEYronbHUK, METOL Macc, pacnpeferneHne macc, Teopema

YeBbl, Teopema MeHenas.

KIRISH

Nisbatlarni hisoblashga oid masalalar,
ya’ni berilgan nugta kesmani ganday nisbatda

bo‘lishini topish masalalari ham
olimpiadalarda, ham  milliy  imtixonga
tayyorlov  materiallarida  ko‘p  uchraydi.
Masalan, [1] kitobida bunday masalalarni

ko‘plab uchratish mumkin. [1] da qo‘llanilgan
asosiy usul — bu go‘shimcha chizmalar kiritish
bo‘lib, ular o‘xshash uchburchaklar juftlarini
hosil giladi. Ma’lumki, go‘shimcha chizmalarni
chamalab topish oddiy maktab o‘quvchisi
uchun oson vazifa emas. Shu bois bu metod
o‘quvchilar uchun juda qo‘l keladi. Bundan
tashgari shunday masalalarni yechishning
massalar metodiga asoslangan algebraik usuli
ham mavjud [2].
DASTLABKI MA’LUMOTLAR

Agar A nugtaga m soni (massa) mos
qo‘yilgan bo‘lsa, biz bu nuqtani mA moddiy
nugta deb ataymiz (bu yerda m soni manfiy
bo‘lishi ham mumkin). Moddiy nugtalar tizimi
myA1, myA,, ..., myA, ning massalar markazi
shunday O nuqta bo‘lib, u quyidagi vektor
tenglikni ganoatlantiradi:

m10A1 + m20A2 + -+ mnOAn =0 (1)

Masalan, ikki nugta A; va A, uchun
ularning massalari m,; va m, bo‘lsa, massalar
markazi A;A, kesmani |m,|:|m4| nisbatda
bo‘ladi. Agar massalar bir xil ishorali bo‘lsa,
ichki nisbatda; agar massalar ishoralari garama-
qarshi bo‘lsa, tashqgi nisbatda (bu richag
goidasiga mos keladi). Nolga teng bo‘lmagan
yig‘indi massaga ega har qanday moddiy
nugtalar tizimining massalar markazi mavjud
va u mazkur nugtalar orgali yagona aniglanadi

[2].
Massalarni guruhlash teoremasi

Agar moddiy nugtalarning bir gismini
ularning massalar markazida joylashgan bitta
nugta bilan almashtirsak va ushbu yangi
nugtaga ularning umumiy massasiga teng
massa bersak, unda barcha nuqtalar tizimining
massalar markazi o‘zgarmaydi.

Kelgusida (1) o‘rniga
yozuvlardan foydalanamiz:

quyidagi
0 = c(miA1, meA,, ..., myA,)
va

mA, + myA, + ...+ mud,
= (my+my+--+m,)0
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Hisoblashga doir tipik masalalar

Topshirig 1. Uchburchakning BC va
CA tomonlarida mos ravishda A4, va B, nuqtalar
olingan bo‘lib, ular AB;:B.C =a;:a, va
BA;: A;C = by: b, ni ganoatlantiradi, O nuqgta
AA; va BB; kesmalarning kesishish nuqtasi. O
nugta AA; va BB, kesmalarni ganday nisbatda
bo‘lishini toping.

Yechish. Uchburchakning uchlariga
shunday massalar joylashtiramizki, ularning
og‘irlik markazi O nuqgtada joylashsin. Bunga
ganday erishamiz? Agar quyidagi shart
bajarilsa:

Bl = C(mlA, m3C), (2)

u holda m;A va ms;C moddiy nugtalarni
ularning og‘irlik markazi bilan almashtirib, biz
boshlang‘ich uchta o‘rniga o‘sha og‘irlik
markazi bilan ikkita m,B va (m; + m,)B;
moddiy nuqtalarga ega bo‘lamiz. Bunda ular
BB, to‘g‘ri chizig‘ida yotishi kerak. Agar

Al = C(sz, m3C)

bo‘lsa, u holda c(myA,m,B,ms;C) € AA,.
0O =AA;NnBB; bo‘lgani uchun 0 =
c(myA,m,B,m3;C) ni olamiz. “richag
qoidasi”’ga ko‘ra (2) va (3) shartlar quyidagicha
yozilishi mumkin.

mlal = m3a2, m2b1 = m3b2.

(4)

Ma’lumki, barcha massalarni bir xil
nolga teng bo‘lmagan songa ko‘paytirish massa
markazining holatini o‘zgartirmaydi. Shuning
uchun biz har ganday nolga teng bo‘lmagan
sonni m sifatida tanlashimiz mumkin, shundan
so‘ng qolgan ikkita massa (4) tenglikdan
yagona aniglanadi. m; = a;b; ni o‘rnatish
qulay. Bunda my; =a,b; va m, =a;b,
bo‘ladi.

Istalgan massa tagsimoti topilgach,
talab etilayotgan savollarga javob berish oson.
Chunki

0 = C(alsz, (a2b1 + albl)Bl);

“richag qoidasi’ga ko‘ra, bizda BO : OB, =
bi(a;+ a;) : a;b,. Xuddi shunday, AO :
0A; = a;(by+ by) : ayb, ekanligini
topamiz.

Formulalarni yodlash shart emas —
yechimning g‘oyasini anglash va konkret sonlar
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bilan amaliy takrorlash kifoya giladi. Masala va
misollarni hal qilishda siz shunchaki aniq
ragamlar bilan ko‘rsatilgan fikrni
takrorlashingiz kerak.

Misol 1. AABC ning AB va BC
tomonlarida M va N nuqgtalar shunday
olinganki, bunda AM : MB = 3: 5, BN:
NC = 1: 4.CM va AN to‘g‘ri chiziglar O
nugtada kesishadi. AO:ON va CO:0M
nisbatlarni aniglang.

12 | A
/ N
s/ M
2| /7 \
.‘__M/ / \\:_1 t
3 X /; 70 \ \\_
\

A \ C
20 ‘ 3 ‘
1-rasm.
Yechish. B nugtaga ixtiyoriy m, # 0
massasini  qo‘ying. N = c(m,B,mzC) va

M = c(m;A,m,B) shartlardan richag
qoidasiga kora® m, = 4mas; va 3m; = 5m,
tengliklarga ega bo‘lamiz. Bunda m, = 12
bo‘ladi. Keyin m3; = 3, m; = 20. Endi 0 =
c(204,15N), bu degani A0 : O,N = 15:
20 = 3: 4. Shu bilan birga, bizda 0 =
¢ (3€,32M) mavjud. Shuning uchun CO :
OM = 32: 3 bo‘ladi. 1- rasmda massalar
ko‘k to‘rtburchaklar ichida yozilgan.

Topshiriq 2. ABC uchburchagida mos
ravishda BC, CA va AB tomonlarida A;, B; va
C, nugtalar tanlanadi, ularmi CA;: AB =
a,:a,, AB;: B,C = by:b, va BC(C;:
C1A = c; :c, nisbatlarga bo‘linadi. AA; va
B;C; kesmalar O nuqgtada kesishadi. O nuqgta
AA; va B;C; kesmalarni ganday nishatda
bo‘lishini toping.

Yechish.  Uchburchak  uchlariga
shunday massalar joylashtiramizki, og‘irlik
markazi O nuqgtada joylashsin. 1-misol
yechimida bo‘lgani kabi, B va C uchlaridagi
massalar quyidagi shartdan tanlanadi :

Ay = c(m,B,m3C) (5)
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Bu holat massa markazining AA;
chizig©iga tushishini ta’minlaydi. Ammo massa
markazi bir vaqtning o‘zida B;C; chizig‘iga
tegishli bo‘lishi uchun biz massani A uchni
ikkiga ajratamiz, ya’ni bu uchda ikkita moddiy
nugta m; A va m] A bor deb faraz gilamiz.
Bunda guruhlash natijasida

B; =c(m} A,m3C)
Cy = c(my A, myB) (6)
(5) va (6) dan richag qoidasiga binoan :

My Ay =Mz ay, My*C; =My Cy,
m} by =m3- b,

Qulaylik uchun m, = a, - b; - ¢, deb
O|amIZ Keyln ms =day- b1 * Cop, mi =aq: bl )
¢, mi by = a, -+ by - ¢, lar kelib chigadi.
0 = c((my + mMA;, myB+m;C) =
C((al ) bl ) Cl + az ) b2 ) Cz)A, (al ) bl ' CZ +
a,: bl . CZ)AI) bO‘lgani uchun

AO _ (a1+a2)'b1'C2

OAl _al'bl'C1+a2'b2'C2

ni hosil gilamiz.

Xuddi  shu tarzda, massalarni
guruhlashdan O = c(m{A+ m,B, mlA +
m3C) = C((a1 by ci+ag b)), (ap-
bz " Cz " A + a2 - bl " CZ)BI) quyldagl nlbatnl
topamiz

B0 (c;+cz) a;by
OC]_ B (bl + bz) - az - C2

Misol 2. ABC uchburchakning AB, BC
va AC tomonlarida mos ravishda M, N va K
nugtalari olinadi, bundan AM : MB = 2:
3J,AK: KC = 2: 1,BN: NC = 1: 2.
MK to‘g‘ri chiziq AN kesmani qanday bo‘ladi?

Yechish. Yuqorida keltirilgan
belgidan foydalanib, biz quyidagilarga egamiz

2m, = 3m,, 2md=m,, m, = 2m,.
1 2 1 3 2 3

ms = 2 bo‘lsin. U holda m, = 4, m] =6,
m] = 1. Olingan massa tagsimoti 2-rasmda
ko‘rsatilgan. Bu esa massa markazi AN va KM
ning kesishish nuqgtasi O ga to‘g‘ri kelishini
kafolatlaydi. Bizda O = ¢ (7A4,6N) mavjud.
Shuning uchun, AO : ON = 6: 7.
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2-rasm.

Topshiriq 3. ABC uchburchakda
uning tomonlarida M,N,P va Q nuqtalar
shunday tanlanganki, CN: NB = al:
a2,BM: MA = dl1: d2, BP: PA = cl1:
c2,AQ : QC = b1 : b2 (3-rasm). MN va PQ
chiziglar O ¢ AB nugtada kesishadi. O =
¢ (myA,my,B, m3C) bajariladigan m,,m, va
ms ni toping.

Q/,.

byf3/

7

C/
S -

, a,a N @@

3-rasm.
Yechish.  Qidiralayotgan = massa

tagsimoti (x4, yB, zC) bo‘lsin. Biz massani
P = c(x;4,yB) va Q = c(x34,zC)
bo‘ladigan qilib x = x; + x, kabi ajratamiz.
Buning uchun x;c, = yc; va x,b; = zb,
tengliklari bajarilishi kerak. Bunday holda,
umumiy massa markazi PQ to‘g‘ri chiziqda
yotadi. MN to‘g‘ri chizigda yotishi uchun esa B
uchga massa tagsimotini

Yy =y1+t Y2 c(y1B,xA) =M, c(y,B, zC) =
N, y,di = xd3, y,a, = za,

qilib olamiz.
Oldingi munosabatlarni hisobga olgan
holda
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x—x1+x2 =—y+b—Z,
2 1
fy =ty
Y=ty =Xt —Z
dy az

z = a,b, ni olishimizga hech narsa
to‘sqinlik gilmaydi. U holda ikkita chizigli, ikki
noma‘lumli tenglamalar hosil bo‘ladi:

(7)

Masala shartidan shu ko‘rinadiki, M
va P ustma-ust tushmaydi. Shuning uchun ular
BA tomonini turli nisbatlarda ajratadilar:

x=z—1y+a2b2,y=%x+a1b1
2 1

¢, dy
&) dzl

Bu holatda (7) yagona yechimga ega

a,bycidy + aybycd,
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x = a1b1C1d1+a2b2C2d1
B C2dy—Cqd; '

_ a1b1C2d1+a2b2C2d1

C2d1—c1d;

Qidirgan massa tagsimoti topildi. Uning
yordami bilan O nugta MN va PQ kesmalarda
ajratgan nisbatlarni aniglash mumkin.

Lekin bu yerda qizigarli savol
tug‘iladi: agar MN va PQ chiziglari parallel
bo‘lsa, nima bo‘ladi? Darhagigat, (7)
sistemadan biz ABC uchburchagining uchlarida
massa tagsimotini topamiz, shunda massa
markazi bir vaqgtning o‘zida bu chiziglarga
tegishli bo‘ladi. Lekin ular kesishmaydi!

Bu yerdagi gap shundaki, biz faqgat
nolga teng bo‘lmagan umumiy massalarga ega
nuqta massalari tizimlarini ko‘rib
chigmoqgdamiz. Keling, bu “nol” gachon paydo
bo‘lishini bilib olaylik. Keling, hisoblaymiz.

a,bic,dy + aybycd,

x y z C2d1 - C1d2 C2d1 - C1d2 aZ L
_ arbydy(c; + ¢3) + azbycy(dy + dy) + azbi (cdy — ¢1)
C2dy — €1d;
Demak,
x+y+z=0¢e
& arbidi(c1 + ¢;) + azbydy(dy +d3) +azbi(cdy —cydy) = 0. (8)
EndiMN  va  PQ chiziglarning AT =242 yp gy =%t% . py
parallellik shartini a;, a,, by, b, ¢4, ¢y, dy Va by a1
d, tutashgan sonlarning nisbati sifatida nj hosil gilamiz.
topamiz. T = [ N AB bo‘lsin, bu erda [ I Boshga tomondan, masala shartiga ko‘ra
MN || PQ vaC € [ (4-rasm). c d
1 1
AP = - AB, BM = AB,
A c1+ ¢y dl + d2

b.B

W
L

€ “e N

4-rasm.

O‘xshash uchburchaklar xossasiga ko‘ra

Topilgan munosabatlarni hisobga olgan holda
AT + BT = AB tengligi shaklni oladi

b1+b2 . C1 . ait+as . d1 _ 1 (9)
by ci1tcy a;

di+dy

bo‘ladi. Oddiy o°zgartirishlar (8) va (9)
tengliklarning ekvivalent ekanligini ko‘rsatadi.

Misol 3. ABC uchburchagida N
nugta CB ning o‘rta nugtasi, Q AC tomonni AQ
:QC =3:5 M va P nugtalar esa
AB tomonni uchta teng gismga bo‘ladi (5-
rasm). NM va PQ O nuqgtada kesishadi. MO :
ON nisbatini toping.

Scientific Bulletin. Physical and Mathematical Research Vol 7. Iss 4. 2025



MATHEMATICS

v

5-rasm.
Yechish. Birinchidan, O nuqgtada
markazlashtirilgan massa tagsimotini

(xA, yB, zC) topamiz.

Massani  A(x = x; + x,) uchda
qilib Q@ =c(x14,zC) va P = c(x,A,yB)
bo‘ladigan qilib ajratamiz. Berilganlarga ko‘ra

X —Szvax =1
173 2 =3Y

ni topamiz.

Endi biz massani B uchda ajratamiz
(y = y; + y,). Shunday qilib, M =
c(y,B,xA)va N = c(y,B,zC).Demak, y; =
%X va yz = Z.

Bizda tenglamalar sistemasi mavjud

5 1 1
x—gz+zy,y—zx+z.

z = 3bolsin. U holda x = =,y = 2 boladi.
y1B+XA va yzB+ZC va V1 =§=§, Vo, =
z = 3 dan biz §B+§A = 13M, 3B+ 3C =
6N ni hosil gilamiz.

Shunday qilib, 0 = c (13M,6N).
Shuning uchun, MO : ON = 6: 13.

Isbotlash uchun muammolar

Misol 4. Cheva teoremasini isbotlang.
ABC uchburchakning tomonlarida A; €
BC,B; € CA va (C; € BA nuqtalari
tanlangan. AA,;,BB;vaCC; kesmalari bir
nuqgtada kesishadi va ular uchun
(10)

AiB CiA BiC
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bajariladi.

aq A1 a,

6-rasm.

Isbot. O = CC; n AA; bo‘lsin.
Massalarni ABC uchburchakning uchlariga
shunday joylashtiramizki, ularning massa
markazi O nuqtada bo‘lsin. a; = ABy,a; =
B,C,b, = BCy,b, = C;A,c, = ABy,c, =
B;C. Quyidagi massa tagsimotlarining mos
kelishini tekshirish oson
(a;b,4, a1b,B, a,b,C) (6-rasm).

Agar (10) bajarilsa, u holda a,b,c; =
a,b,c, va c(aibi4,a,b,C) = B; bo‘ladi.
Ammo O massa markazi BB, to‘g‘ri chizigda
yotishi kerak; boshgacha aytganda, AA;, BB;
va CC, chiziglar bir nugtada kesishadi.

Aksincha, agar BB, to‘g‘ri chiziq O
nuqtasi orqali o‘tsa, u holda B;=
c(a,b14,a,b,C), bu yana a,;b;c; = azb,c,
tengligini beradi, bu esa (10) ga teng kuchli.

Misol 5. Menelay teoremasini
isbotlang. ABC uchburchagi berilgan. A;, B; va
C; nugtalar uning CB,AC va BA tomonlarini
mos ravishda «, va y nisbatlarda ajratadi,
ya’ni vector tengliklari amal giladi: 6711=
aA.B, A\B = BB,C, BC, = YyA.B, A;,B; va
Cinuqgtalar bir to‘g‘ri chiziqda yotadi, agar
afy = —1bo‘lsa.

Isbot. Agar z massani z,va 2z,
massalar tagsimotiga qo‘ysak, B; = (z,C, xA)
vaA; = c(z,C,yB), c(xA, yB,zC) € AB; €
A, B, bo‘ladi.

D = c(xA,yB, zC) € A;B; bo‘lsin.
U holda m' va m™ massalar mavjudki, D =
c(m'A;,m"B;)vam'vam™ = x + y + z
Endi z; va z, massalarni x va y oraqgali
aniglaymiz, bundan c¢(z,C,xA) = B; va
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c(z,C,yB) = A;. Bundan tashgari, z; +
x = m", Zz, + y = m' bo‘lib, undan
yugoridagilarni hisobga olib, z = z; + z,
degan xulosaga kelamiz.

Shunday qilib, moddiy nuqtalar
markazi (xA,yB,zC) A;B; chiziqga tegishli
bo‘ladi, faqat va faqat z = z; + z, uchun,
c(z,C,xA) = Byvac(z,C,yB) = A, yoki

2131C = xBlA = O, ZzAlc + yAlB =0 (11)
bajarilsa.

A,B=pBB,C va CA;=aAB ni
yodga olsak, (11) shartlarni quyidagicha yozish
mumkinz, = ax vaz, =%

Ushbu hisob-kitoblarning natijasi:

c(xA,yB,zC) € A;B, © 7z = ax +% (12)
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Xuddi shunday, biz ushbu tasdigni
olamiz:

c(xA,yB,z(C) € B1C; © x =Yy +§ (13)

A;,B; va (C; nuqtalar bir to‘g‘ri
chizigda yotadi, agar A;B; va B;C; chiziglar
bir-biriga to‘g‘ri kelsa, ya’ni (12)-(13) ga ko‘ra,

quyidagi tengliklar bir vaqtda bajarilgan
tagdirdagina, kollinear chiziqda yotadi:
z=ax+%,x=yy+£.

Demak,z=a(yy+§)+%=ayy+

z+%, bu ay+%=0 yoki afy = —1 ni

bildiradi, bu isbotlanishi kerak bo‘lgan ifoda
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O EAMHCTBEHHOCTWU PELUEHUA 3A0AYU OAUPUXIIE ONA
TPEXMEPHOI'O YPABHEHUA CMELWWAHHOIO TUIMA C ABYMA
CUHIYNAPHBbIMU KO3PPULIMEHTAMU U C ABYMA NMNNOCKOCTAMMU
U3MEHEHUA TUNA

Onumosa fundysa CobupxoHoBHa'?

ldepraHckmin rocyaapCTBEHHbIN YHUBEPCUTET,
2epraHcknii BOeHHO-akagemMuyeckun nuuen MmHuctepcTea 060poHbI "Lwkona Temypbekos”,
dilfuza.olimova.76@bk.ru

MonyyeHo 1 aekabpsa 2025 r.; npuHaTO K nybnukaumm 15 nekabps 2025 r

AHHoOTaumA. B gaHHonm paboTe B napannenenunege Ans ypaBHEHUSI C ABYMS CUHIYNSPHbIMU
KoadhpyumeHTamMm M C AOBYMS BHYTPEHHUMWU NEPNeHOUKYNAPHbIMA MAOCKOCTAMU M3MEHEHUs Tuna
uccnegosaHa 3agada  [Oupuxne. HavpeHbl coGCTBEHHble 3HayYeHWss UM COBCTBEHHble  DYHKLUU
COOTBETCTBYIOLLIEN CNEKTPANbHOM 3a4a4M N Ha UX OCHOBE [jOKa3aHa TeopemMa e4MHCTBEHHOCTU.

KnioueBble cnoBa: ypaBHEHWSI CMELUAaHHOro TuMna, CUHIYNSAPHbIA KO3MUUNEHT, onepaTop
Beccens, dyHkunsa beccens, NNOCKOCTb M3MEHEHUA TUna.

Annotatsiya. Mazkur ishda parallelepiped sohada ikki singulyar koeffitsiyentga ega va ikkita o‘zaro
perpendikulyar tip o‘zgarish tekisliklari mavjud bo‘lgan tenglama uchun Dirixle masalasi tadqiq etilgan. Mos
spektral masalaning xos giymatlari va xos funksiyalari aniglangan va ylar asosida yagonalik teoremasi
isbotlangan.

Kalit so‘zlar: aralash tipdagi tenglamalar, singulyar koeffitsiyent, Bessel operatori, Bessel
funksiyasi, tip o‘zgarish tekisligi.

Abstract. In this paper, the Dirichlet problem is studied in a parallelepiped for an equation with two
singular coefficients and two internal mutually perpendicular planes of type change. The eigenvalues and
eigenfunctions of the corresponding spectral problem are found, and on this basis a uniqueness theorem
is proved.

Keywords: mixed-type equations, singular coefficient, Bessel operator, Bessel function, plane of
type change.

1.BBEJEHUE. IOCTAHOBKA 3AJIAYA
PaccMmoTpum ypaBHEHUE
SgN(XY) * Uey + By_; it + By _; pu =0, 1)
B obmact 2 = {(x,y,2):x € (—1,0)U (0,1),y € (—a,0) U (0,b),z € (0,c)}, tme a,b,c €
R*,B€(0,1/2),y € (—,1/2). 3necb ausa ymo0CTBA U KOMIAKTHOCTH MCIIOJIB3YETCS

obo3Hauenme By = % %:—y
oreparopom beccerns, BBeieHHBIM B padboTe [1].
Beenem cnenyromue o6osHadenus: 2; =N N{x >0,y >0}, 2, =0n{x >0,y <0}, 23 =
NN{x<0,y<0},2,=02n{x<0,y>0}.

VYpasuenue (1) B o6sactu (2 MpUHAAJICKUT CMEIIAHHOMY THITY, @ HIMEHHO B 00J1acTsx (2,
U (13 TIPUHAJUIEKUT IIUTUNTHYECKOMY THITY, a B 001actsx (2, u (2,— runepOoIMyecKoMy THUITY.
[Tnockoctn y = 0 1 z = 0 ABJISIOTCS MIIOCKOCTSAMU CHHTYJIIPHOCTU KOA(P(UIIMEHTOB YpaBHEHUS,
ax = 0wuy = 0— mIoCKOCTIMH U3MEHEHHUS TUIIA.
B oGnacrtu 2 nuis ypasHenus (1) chopmynupyeM U HccieayeM CleAyIoIIylo 3a1a4y.

3amaua D. Haiitu ¢yskumio u(x,y,z), yIOBIETBOPSIOIIYID B 00JacTH U?zl 1

ypaBHeHU1O (1) 1 ycrnoBusim

. OT™MeTuM, 4TO 0003HaYEHUE Bg npu q > —1/2 coBnanaer ¢

u(x,y,2z) € C(Q) N CL72(0 U2, UNs U, uy, z%u, € C(QD), (2)
u(—-1,y,2) =0,u(1,y,z) =0,y € [—a,b],z € [0,c], 3)
u(x,—a,z) = filx,2),u(x,b,z) = f,(x,2),x € [-1,1],z € [0, c], 4)
u(x,y,0) =0,u(x,y,c) =0,x € [-1,1],y € [—a, b], (5)
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a TaK)Ke YCIIOBUIO CKJICUBAHUS
lim (—y)zﬁuy(x, y,z) = lim yzﬁuy(x, y,z),x € (—1,0) U (0,1),z € (0,¢), (6)
y—>-0 y—+0
rae f1(x,z) u f5(x,z) —3ananHble GYHKIMU, IPUYEM BBITIOJIHSIETCS YCIOBUS COTTIACOBAHMS
fi(x,0) = fi(x,c) = fj(-1,2) = f;(1,2z) = 0, = 1,2.
3anaya [upuxie s ypaBHEHHs] CMEUIAHHOTO THUIA SIBISIETCS HE BCEra KOPPEKTHO
MIOCTaBJIIEHHOW B cMbIcie Axamapa. Bo MHOrux paboTrax oTMedaeTcs, YTO MHTEpeC K 3ajade
Jupuxie uisi ypaBHEHHU CMEIIAHHOTO THITA BO3HUK mocie padotel ®.U. Opankns [2], rae
BIIEpBbHIE OOpAIIeHO BHUMAHUE Ha TO, YTO 3a/1a4d TPAHC3BYKOBOW ra30BOM JUHAMUKH CBOJATCS K
YpaBHEHUSIM 3TOTO THMA, U Tociie padoTsl A.B.bumanze [3], rae mokaszano, 4to 3agava Jupuxie
JUISL YPABHEHHUS Uy, + (Sgn y)uy,, = 0 mocrapneHa HekoppektHo. ITocie 3TuX paboT BO3HMKIIA
npobiieMa MoMCKa CMEIIAaHHBIX O0JacTel, A KOTOphIX 3aaaya Jlupuxiie sBIseTcs KOPPEKTHO
nocraBieHHOW. Eciu ypaBHEHHE CMEIIaHHOTO THMA COACPKHUT THIEepOOTNUEcKOe ypaBHEHUE, U
runepOoauyeckas 4acTb 00JacTU SIBISIETCA MPSAMOYTOJIBHUKOM, TO JJIsi Pa3peliiMOCTH 3aJadyu
BO3HUKAET yCJIOBME, 3aBUCAILEE OT pa3MEPOB CTOPOH MPsAMOYrojbHUKA. Eciau npu 3ToM 3axaya
paspeminMa, TO OHAa pa3peliuma He s JI00ro mpsMoyroiibHMKa. B panpHeiimnem 3amaua
JlupuxJie Ui ypaBHEHHI CMEIIAHHOTO THIIA n3ydyaliack MHOruMu aBropamu [4], [5], [6], [7], [8],
[9], [10], [11], [12], [13], [14], [15].
[TonoGHble 3a1au HA TIOCKOCTU Ui YPABHEHUS SGN X - Uyy + SGNY - Uyy + Au =0
u3ydeHa B paborax [16], [17].
Bo Bcex paboTax, IepedrCIIEHHBIX BBIIIC U MOCBSIICHHBIX JAHHOH ITpo0iieMe, MPEUMYIIECTBEHHO
3aTparMBaroT JAByMEpHbIe 3a1aun. B padotax [18], nccnemoBansl KpaeBbie 3a1a4u sl ypaBHEHHSI

[Bé—l/Z Tsgny- 35—1/2 + 35—1/2] u(x,y,z) =0,
B obmactu 2 N {x > 0}.

2. MIOCTPOEHUE HETPEBUAJIBHBIX PEIIEHUM 3AJJAYH D

Haxomum HeTpuBuanbHple B obmactu  {2;,j = 1,4 pemenns ypasuenus (1),
YIOBJIETBOPSIONINE KpaeBbIM yciaoBusM (3), (5) u (6). C »Toii 1enslo, pa3aenss IepeMeHHbIe 10
dopmyie u(x,y,z) = X(x)W(x,y), nonydum ypaBHEHHU

sgnx-X'(x) +dX(x) = 0,x € (—1,0) U (0,1), (7
sgny - [BY_,  + Bi_1jo| W —aW =0,y € (—a,0) U (0,b),z € (0,0), (8)
rae d = u? — KOHCTaHTA pa3/e/ieHus.

[Tytem paznenenus nepemeHubix W(x, z) = X(x)Z(z), u3 (8) nonyuum

By_1/2Z(z) + AZ(2) = 0,z € (0,¢), 9
By _1,,0(y) — (Asgny + d)Q(y) = 0,y € (—a,0) U (0,b). (10)

rae A —KOHCTaHTa pasnenieHus, npudeM B cuiy ycnosuid (2), (3), (5) u (6), nomkHa OBITh
BBITIOJTHEHBI YCIIOBHS

X(0—-0)=X(0+0),X(0-0)=Xx'(0+0), (11)
X(-1D)=X(1) =0, (12)

Q0 +0) = Q(0~0), lim (=y»)*Q() = limy* '), (13)
Z(0) =0, Z(c) = 0. (14)

CHavana Haiinem pemenue 3amauu {(9), (14)}. Ilpenmomoxxkum, uro A < 0. Torna,

npousBens 3ameny Z(z) = (t/\/—_l)l/z_yp(t) B ypaBHenuu (9), rme t =+—Az, moxyunm
ypaBHenue beccens Bua
t?p"(t) + tp'(t) — [t* + (1/2 — y)*]p(t) = 0.
[IpuHuMas BO BHUMaHHE BHJ OOLIEro pelieHus: 3Toro ypaBHeHus [20] U BBeICHHbBIC
0003Ha4YeHusl, MoJly4uM oO1iee perieHrue ypasuenus (9) B Buze

— 1/2- / 1/2— /
Z(Z) - Clz / yIl/Z—]/( _AZ) + C2Z / yKl/Z—]/( _AZ), (15)
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31IECh C; U C,-TIPOM3BOJIbHBIE TOCTOSHHEIE, [;(Z) u K;(z)— dbynkius beccens MHUMOro aprymeHnTa
(bynkuus Uadensaa) u pyakuus Maknonanbaa mopsiaka [ [20] cOOTBETCTBEHHO.

[Toacrasnss (15) B kpaeBbie ycnoBus (14), umeem ¢; = ¢; = 0, cnegoBaTesbHO, B 3TOM
ciyydae 3ana4a {(9),(10)}, He uMeeT HETPUBUATIBHBIX PEIICHU.

ITycts A = 0. Torxa, B cuiny y < 1/2, obiee pemenne ypasuenus (9) umeet Bua Z(z) =
32172 + ¢4, THE C3 U C,-IPOU3BOJILHBIE TIOCTOSHHBIE. 110/ICTaBNAS 3Ty (QYHKIMIO B KpaeBble
ycnoBust (10), umeem c; = ¢, = 0. CnenoBarenbHO, B 3TOM ciaydae Takxke 3agada {(9), (10)} ne
UMeeT HETPHUBUAIBHBIX PEIICHUN.

ITycte A > 0. Torma, mpousBeas 3ameHy B ypaBHenuu (9) mo dopmyne Z(z) =

1/2-y
(t/Va) p(t), rae t = VAz, nonyunm ypasuenne beccens [20]:

t?p'(t) +tp' () + [t* — (1/2 = y)*Ip(t) = 0. (16)

[Mpuaumast Bo BHEMaHue Buj oOmiero pemeHus [20] ypaBHenus (16) U BBeneHHBIC
0003HaYCHMSI, TOJTYyYHUM 0011ee perieHre ypaBHeHus (9) B BUIE

Z(2) = cs2/?7V ] - (V2z) + c62Y/277Y, 15, (VA2), (17)
Ilie Cg, Ce-TIPOU3BOIIbHBIC MOCTOsIHHBIC, [;(2) u Y;(2)- dyHkuus Beccens nopsaka [ mepsoro u
BTOpOTO poja [20] COOTBETCTBEHHO.

N3 (17) B cuny y < 1/2 cnemyer, 4to pemieHue ypaBHEHHS (9), yIOBIIETBOPSIOIICE
nepBoMy yCIioBuIo (14), CyIecTByeT U OHO ONPEIEIIAETCS PABEHCTBOM

Z(2) = csz"*7]y 5, (VAz) (18)
[Toncranss (18) k Bropomy ycnoButo (14) u cumnrtas ¢ # 0, noxyunm
J1/2-y(VAc) = 0. (19)

HWsBectHo, uto tipu | > —1 pynaxuus beccens J;(z) uMeer cueTHOE YHCIIO HYJIEH, TPHYEM
BCE OHM BEIICCTBEHHBI H C IOMAPHO POTUBONONIOKHBIMU 3HaKamu [20]. CortacHo 3TOMY (akxTy,
B cuiy 1/2 —y > 0, ypaBuenue (19) nmeeTr cueTHOE 4KCIIO BENIECTBEHHBIX KOpHEH. O003Hadas
4yepes3 0,, —M-bIil MOJIOKUTENIBHBIA KOpeHb ypaBHeHus (19), momyunm 3HaueHus: napamerpa A,
IpU KOTOPBIX CYIIECTBYIOT HETpUBHANbHbIE pemieHus 3anadn {(9),(14)}, T.e. coOCTBeHHBIE
3nauenus 3agaun {(9),(149)}: 1 = A, = (6,n/c) , mEN.

[Tonaras B (18) A = A, m € N, noiy4uum (C TOYHOCTHIO JO MOCTOSTHHOTO MHOYKHUTEJIS)
HETpPHUBHAIbHBIE pelieHus (coOcTBeHHbIe (yHKINH) 3aaaun {(9),(14)}:

Zn(@) = 2271 o (Gz/c), m € N. (20)

CornacHo paborte [20], cucrema coOcTBeHHBIX (yHKIUH (20) opTOroHanbHa M MOJHA B
npoctpanctse L, (0, ¢) ¢ Becom z27.
Teneps mnepeiinem k wuccienoBanuto 3amaun  {(7), (11), (12)}. CnektpanpHas 3agaua
{(7),(11),(12)} e siBsieTCs KIACCHUSCKMMH H3-3a HE3HAKOOMPEIEIIICHHOCTH KO3 PHUITHESHTA TTPH
cTapuied mpou3BOAHOM.

Pemenusimu ypaBaenust (7), yIoBIeTBOPSIFOIIMMH ycioBusM (11), ssBasitoTes GyHKIIUU

crcosux +cgsinux,x >0,
XG0 ={
cychux + cgshux,x <0,

T/I€ C7, Cg —TPON3BOJIbHBIE TIOCTOSIHHBIE, U C y4eTOM ycnoBus (12) misg y nomydum
ypaBHEHUE

tgu = —thy. (21)
B paGore [16] noka3aHna ciengyromias JemMma.
Jlemma 1. Vpasuenue tg(az) = —th(bz),a,b € R,a,b > 0, uMeeT CUETHOE MHOXKECTBO

KOpHCfI, COCTOSIICE U3 HYJIA, IIPOCTHIX IMOMAPHO MPOTHUBOITOJIOXKHBIX I[CﬁCTBHTCJIBHBIX U MOIapHO
MMPOTHUBOIIOJIOXKHBIX YHUCTO MHHUMBIX KOpHeI\/II, IJIs1 KOTOPBIX CHPaBCAJIUBBEI  CICAYIOLIUC
ACUMIITOTUYCCKHUC TPCACTABIICHUA:

@, _ T 7T —271nb
20O = (=L Ly (em2mb/e)),

(3).(4) _ +i[—-E 4 —2mna/b
Zn = +i 4b+bn+0(e ) ,mEN.
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VYpaBuenue (21) B crity 1eMMBI 1 UMEET CU€THOE MHOXKECTBO JICUCTBUTEIHHBIX KOPHEH
t+U, ¥ YUCTO MHUMBIX KOpHEN =Til,, NpUYEM Ui MOJIOKUTEIbHBIX [, CIPABEIIUBO
ACUMITOTUYECKOE IIPEJICTaBICHUE

Up = — E +n + 0(e™2™), (22)

2 _

Torna d mMoxxeT NMpUHUMATH 3HAYCHHS d( ) = ui>0ud,; —u? < 0, ¥ pelIeHUusIMH

sagaun {(7), (11), (12)} 6yayT coOTBETCTBEHHO (DYHKITHH

' -1 h -1
sm[/;gi )],x >0, S [uzéz )]’x >0,
(€Y _ n 2) _ n
00 =Y shlnx + 1)] X700 = il (x + D)
— e T x<0, Jx < 0.
k chity, k COS Un

OTtmeTHM, YTO cHCTEeMa {X,gl) (x),X,gz) (x)} HE SIBJSIETCSL OPTOrOHanbHOM B L,(—1,1).

[TosTOMy paccMOTpHUM 3aady, conpsukeHHyro k 3agade {(7),(11), 12)}, T.e. paccMOTpuM 3a1auy

sgnx - X'(x) +dX(x) = 0,x € (—1,0) U (0,1), (23)
X(0-0)=-X(0+0),X0—-0)=-X(0+0),X(—1)=X(1) =0. (24)
Pemenusmu 3anaun {(23),(24)} sBastorcss QyHKIUU
=1, o " k000 =1 >0 (25)
n sh[un(x+1)],x <0, n sin[un(xﬂ)]’x < 0.
chin coS Un

Cucrema {X,(1 )(x),X,(l )} SBJSIETCSl OUOPTOTOHAIBHO CONPSKEHHOW € CHUCTEMOH

{X,Sl) (x), X,(f)}, T.€. UMEET MECTO PaBEHCTBO

1
f X,(,])(x))?,(,ll)(x)dx =0n#mj=12;1=1.2.
-1
CnpaBeinBo ciefyrolee yreepxkaenue [16].
Jlemma 2. Cuctema {X,(ll) (x),)?,(lz) (x)} MoJIHa B pocTpancTBe L, (—1,1).
Teneps paccmotpum ypasaenus (10). Ilomaras B ypasuenuu (10) 1 = A, = (0,,/¢)?,
d,(ll) =uiu d7(12) = —u2, Haiifiem ero obIee peneHue:

(Agllrglyl/z_ﬁll/z—ﬁ(\/ Am + :uTZ'Ly) +
+B1(11r)1y1/2_ﬁl,8—1/2 (\/ Am + H%Y):y >0,

Q) =1 (@ y1/2-p ; (26)
Com(=Y)"*"P1/2-p (\/lm - un(—y)) +
(+Di (=92 51y (VA — #E(=9)),y <0,
(Ao y 2P 1o (A — HEY) +
m\Y) = -
1 D992 o (Vo + 1)) +
+D& (> Py s (\//1 + pi (- y)) y <0,
rie AE{,)H, B,E{Ql, C,(l],,)l, D(] ) HeH3BeCTHbIE MTOKA K02()UIIHEHTHI.
Teneps nonbepeM MOCTOSTHHBIE Ag%, B,Ei,{, Cy ) D(] ) TaK, 4TOGBI BBINONHSINCH yCIIOBUS

(13).
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W3 (26) B cuny B € (0,1/2) cunenyer, uro mnepsoe u3 paBeHCTB (13) BEHINOIHEHO, €CiH

1 1
P& — (Am+un)‘(ﬁ ~2) B

6 A(l) (1)
- IIPHU JIFOOBIX u Cpm, @ BTOPOE PABEHCTBO UMEET MECTO, IPU
m n

1/1
-B
Cy (1) (Amﬂl") G )A(l) C y4eToM 3THX paBeHCTB, QyHKIHs (26) nepenuiiercs B BUIC

Am Pln
Ay 1o (V2 + 12Y) + By Pl o (VA + 13Y),y > 0,
Q) = )(( ) 4D (—yyire- L1 j2-p (VAm — HE(=7)) + (28)

( 2 B (=2 Fls 1 (\/ — i (- y)) y <0,

e Xnm = (Am + Un)/(ﬂm .un)-
N3 (27) ananoruyno HaXoaum

(A(Z) 12k 1/2— ﬁ(\/ — u3y) + ngr)zyl/z_ﬁlﬁ 1/2(\/ Am — U2Y),y >0,
QA ) = Xngn D A® -y, vy2-5 (Vem T HE(=)) + (29)
L+xﬁ( QOIS fls-1/2 (Vam + H2(=3)) ¥ < 0.

3. EnuHcTBEHHOCTD pemienus 3agaun D
[Tycts u(x,y, z) —peuenue 3aaauu D. PaCCMOTpI/IM cieayoume QyHKINNU:

(1) n() =dny f f u(x,y, Z)X(l) (x)z?Z,,(z)dxdz,n,m € N, (30)
<2> D) = di fy [ uCy, DX (027 Z(2)dxdz, n,m € N, (31)
rie )?,(lj ) (x),j = 1,2 u Z,,,(2)— dyrKumm, onpeneneHnsie paBencramu (25) u (20),
= 1Znll 22 0.

1Zmlly 000 = (S D222 d2)"* = |cls oy (0ym) | V2, a(2) = 227

Beruncianm Bg_l 2@ (1) m(V), mpeobpasyem ee Ha ocHOBaHWH paBeHCTBa (1), 3aTem mocie

HHTCIPHUPOBAHUA 110 HACTAM IMOJTYYHUM PABECHCTBO

BY 1,0 @) = (U sgny + pDwim ) = 0,

@ ), noTomy WS ()

ornpenensoTes mo Gpopmyiam (28). AHaTOrHYHOE CIIPABEUTUBO U TS () yHKITHIA wnm (y), T.C. OHU
orpeenstoTes mo popmyiam (29).
Toraa u3 rpanuunbix ycnoswuii (4) u pasencts (30), (31) moayunm

copnafgaroniee ¢ ypaBHeHueMm (10). Taxum oGpazom, a)(l) m() = Q,

i (®) = dn [3 [ 206 DXV (022 2y () dxdz = fi, @)
O (B) = d 5 [2, (6, DXP ()72 2 (D) dxdz = £2),
(1)( a)—d f f fl(x Z)X(l)(x)ZZYZm(Z)dXdZ— 1(7}7),1; (33)
o (=a) = dy J; [2, G DEP ()7 Zn () dxdz = fi2,.

Torma nHa ocHoBanuu (28), (29), (32) u (33) moayynMm CHCTEMY I HAXOXICHUS

HEU3BECTHBIX Koa(b(bHuHeHTOB A,({T)n, B,E{Bl

nm11/2 ﬁ’(\//1 + .unb) + B(l Ig 1/2(\11 +,unb) = pP- 1/2f(1) a0
28-1
@®

(173111/2 ﬂ(V 'una) +Xﬁ 1/2 (1) ﬁ 1/2(\/ 'una) = a 2)(nm 1nm’
nmll/z B(\/ Nnb) + BnmI[)’ 1/2(\/ .unb) = bﬁ 1/2 Z(ir)n' (35)
Xﬁml/z 1/2 ﬁ(\/ A + .una) + Bnm]ﬁ 1/2(\/ /1 + Mna) = Cl ZXnm 1(ri)n
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Ectm nmpu Bcex n,m € N onpenenutenu cucrem (34) u (35), ompenenseMbie
COOTHOIICHUSIMH

Agllrzl(a; b) - Xr/fml/zll/z—/i’ ( /1m + /flrzlb)]ﬁ—l/z (V /1m - .“rzla) -
—lg_1/2 (\/ Am + ﬂ%b)fl/z—/? (\/ Am — .Uwzza), (36)
Aglzrzl(a b) = Iy /3( A — ﬂ%b)]ﬁ 1/2 (\//1 + uia ) -
~ " lg=172 (Vo = 1301725 (VAm + 130), (37)

OTJIMYHLI OT HYJIA, TO 3TU CUCTEMbI OJTHO3HAYHO PAa3pCIINMBbI:

1
1 - 1/2 1
A = ——— [bﬁ 2yl Jg-1/2 (\/ Am — luTZla) Ava

(1) (a b)
2 1)/4
S ([T O

1
 _ aB—1/2 p-1/2 2 o _
By, = ———— L5 Am + Uib
nm Agllrzl(a, b)[ nm 1/2 ﬁ’( m n ) 1nm

—bﬁ_l/zfl/z p(V4 _#Tzla)fz(r%r)n]
A%ﬁl——[ bP- /]ﬁ 1/2(\//1 +uza ) z(rfr)n_

A(Z) (a,b)

A ([ = B
ng - 1 [ B- 1/2)((21? 1)/41/ ﬁ(mb) 1(721_

42 (a,b)

1/2
_bﬁ 1/2Xr[fm / ]1/2 [:’(\j/1 +.una) 2(rfr)n

Toraa ¢ yueToM HalJICHHBIX 3HAUEHUHN Ag,)n, B(J ) byHKIIUN cuU ) m (V) npuMyT BH

(A(l)—(b){(Y/b)l/Z BA(I) m(a, J’)fz(;r)n -
+(y /)Y BX(ZB 1)/4[ 1/2-8(N Am + u2b)Ig_1/2(NAm + 1Y) —
_’ﬁ 1/2(VAm + 13D 12 p (VA + 13Y)] 1(131} y >0,

Am—(b){< —y/ )2 B 48 (~y, ) i + (=3 /) SE TV
% [1j2-p (Vm = 12 (=) Jp-1/2(Nm — 30) -
\—Jp-1/2 (V — (= )0)]1/2 5(vAm una)] 2(,1,),1} y <0,

(e O/ P A5 (@) i +

+(y /)Y BX(ZB 1)/4[] 1/2-8(N Am + 12b)]g-1/2(NAm + H2y) —
_]B 112V + B30) 125 (Voo + B3| } v > 0,

A(Z)—(b){( y/a)l/2 ,BA( ( y,b)f12) +( y/b)l/z ﬂX(Zﬁ 1)/4
X [11/2 [3(\/ _lirzl(_J’)) Ig_ 1/2(\/ m — u2a) —
\—Ip-1/2 (\/ — pi(— y))ll/z s(VAm una)] 2(,3,),1} y < 0.

IMycts f1(x,2) = f,(x,z) = 0 va [—1,1], Torma Ha ocuoBanuu (32), (33), (38) u (39)
HOJTyYHM

w0 (y) = (38)

w&(y) = (39)

Cc 1 . -
J J u(x, y, z))?,(l])(x)ZZVZm(z)dxdz =0,j =1,2,mmneN.
0o J-1
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Otcronia, B cHITy TIOJTHOTHI cucTeMbl GyHknuii (20) B mpoctpanctse L, (0, ¢) ¢ Becom z2 u

u(x,y,z) € C(2) cnemyer, uto f_llu(x, y, Z))?,Sj)(x)dx =0, n€N. Ecin ydecT MOIHOTY

cucTeMbl GyHKIHIT (25) B mpocTpancTe L,(—1,1) nu(x,y, z) € C({2), u3 mocieHero paBeHCTBA

BbITeKaeT, uto uU(x,y,z) = 0 B 1.

Takum oOpa3om, CIIpaBeIJIMBO CIEAYIOIIee YTBEPKICHHE.
Teopema. Eciu cyuiecTByeT pelieHue 3aaaud D, TO OHO €IMHCTBEHHO, TOJIBKO €CIIH JJISI BCEX

b))

n,m € N BBITOJHSAIOTCS YCIOBHSI A;m (a,b) #0,j = 1,2.
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